Lehrstuhl C fur Mathematik

Preprint No. 128: August 4, 2008

MPCC: CRITICAL POINT THEORY

by:

H. Th. Jongen, Jan.-J. Riickmann, V. Shikhman




MPCC: Critical Point Theory

H. Th. Jongen? Jan.-J. Riickmann? V. Shikhman®

Abstract

We study mathematical programs with complementarity constraints
(MPCC) from a topological point of view. Special focus will be on C-
stationary points. Under the Linear Independence Constraint Qualifi-
cation (LICQ) we derive an equivariant Morse Lemma at nondegener-
ate C-stationary points. Then, two basic theorems from Morse Theory
(deformation theorem and cell-attachment theorem) are proved. Out-
side the C-stationary point set, continuous deformation of lower level
sets can be performed. As a consequence, the topological data (such
as the number of connected components) then remain invariant. How-
ever, when passing a C-stationary level, the topology of the lower level
set changes via the attachment of a ¢g-dimensional cell. The dimension
q equals the stationary C-index of the (nondegenerate) C-stationary
point. The stationary C-index depends on both the restricted Hessian
of the Lagrangian and the Lagrange multipliers related to bi-active
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tionarity concepts, such as W-; A-, M-, S- and B-stationarity, are
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1 Introduction

We consider the following mathematical programming problem with comple-
mentarity constraints (MPCC):

MPCC: min f(x) s.t. © € M[h, g, F1, F3) (1)
with
M[hag7F17F2] :{I‘GRn| Flm(x)zanQ,m(x)Z())
Fim(x)Fom(z) =0, m=1,...,k,
hi(x) =0,ie I, gj(x) >0, j € J},

where h = (h;,i € I)T € C*(R",RM), g := (g;, 7 € J)T € C*(R*,RVI),
F1 = (Fl,iui == 1,...,]€)T,F2 = (FQJ,’i == 1,...,]{7>T € C2<Rn’Rk>’ f S
C?*(R™,R), k+|I| < n,|J| < co. For simplicity, we write M for M[h, g, Fy, Fy],
if needed.

The goal of this paper is the study of MPCC from a topological point of view.
It turns out that the concept of C-stationarity is the adequate stationarity
concept. To this aim we study the behaviour of the topological properties of
lower level sets

M ={xeM|f(z)<a}

as the level a € R varies. In particular, within this context, we present two
basic theorems form Morse Theory (cf. [7, [[0]). First, we show that, for
a < b, the set M is a strong deformation retract of M? if the (compact) set

MP:={xeM|a< f(x) <b}

does not contain C-stationary points (see Theorem BZ(a)). As a conse-
quence, the homotopy type of the lower level sets M® and M’ are equal.
This means that the connectedness structure of the lower level sets does not
change when passing from level a to level b. In particular, the number of con-
nected (path)components remains invariant. Second, if M? contains exactly
one (nondegenerate) C-stationary point, then M? is shown to be homotopy
equivalent to M with a g-cell attached (see Theorem B2(b)). Here, the di-
mension ¢ is the socalled C-index. It depends on both the restricted Hessian
of the Lagrangian and the Lagrange multipliers related to bi-active comple-
mentarity constraints. The latter fact is the main difference with respect
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to the well-known case where feasible set is described only by equality and
finitely many inequality constraints (cf. [7]).

A global interpretation of our results is the following. Suppose that the fea-
sible set is compact and connected, that a suitable constraint qualification
holds (e.g. LICQ, see later on), and that all C-stationary points are non-
degenerate with pairwise different functional values. Then, passing a level
corresponding to a local minimizer, a connected component of the lower level
set is created. Different components can only be connected by attaching 1-
cells. This shows the existence of at least (k — 1) C-stationary points with
C-index equal to one, where k is the number of local minimizers, see also
3, 7.

For the proof of the above mentioned results we locally describe the MPCC
feasible set under the Linear Independence Constraint Qualification (see
Lemma ET]). Moreover, an equivariant Morse Lemma for MPCC is derived
in order to obtain suitable normal forms for the objective function at C-
stationary points (see Theorem BI).

We would like to refer to some related papers. In [14] the concept of a non-
degenerate feasible point for MPCC is introduced. Some genericity results
are obtained. In [I2] the concepts of a non-degenerate C-stationary point
and its stationary C-index are introduced for quadratic programs with com-
plementarity constraints (QPCC). The generic structure of the C-stationary
point set for non-parametric and one-parametric QPCCs is discussed and
some homotopy methods for QPCC are developed.

The article is organized as follows. In Section 2 we provide notations and
auxiliary results which will be used later. Section 3 contains the Morse
Lemma for MPCC as well as the proofs of the deformation- and cell-attaching
theorem. In Section 4 some relations to other stationarity concepts (such as
W-, A-) M-, S- and B-stationarity) are discussed.

Our notation is standard. The n-dimensional Euclidean space is denoted by
R™, its nonnegative orthant by

H" :={(z1,...,2,) € R"|2; >0,7=1,...,n}.
With this notation, OH? represents the basic complementarity relation:

u>0,v>0,u-v=0.



Given an arbitrary set K C R", 0K denotes the topological boundary of K.
Given a differentiable function F' : R — R"™, DF denotes its Jacobi-matrix.
Given a differentiable function f : R* — R, Df denotes its gradient as a
row vector and DT f stands for the transposed vector.

2 Notations and Auxiliary Results

Given ¥ € M, we define the following index sets:

Jo(7) = {j € J|g,(z) = 0},

a(@):={me{l,...k}| Fin(Z) =0, Fy,,(z) > 0},
B(z):={me{l,...k}| Fin(z)=0,F,,(z) =0},
v(@) ={m e {l,...k}| Fin(Z) >0, F5,(Z) = 0}

We call Jy(z) the active inequality index set and 3(Z) the bi-active index set

at .

Without loss of generality (w.l.0.g.), we assume throughout the whole article
that at the particular point of interest z € M it holds:

JO(E) = {17 RN |J0(:Z‘)|}7 a(f) = {1’ R |a(j)|}a
V(@) ={la(@)] +1,... |e(@)| + 7 (2)[}-

We put s := [I| + [o(Z)| + |7(7)], ¢ := s + | Jo(Z)], p := n — ¢ = 2| B(2)].

Further, we recall the well-known Linear Independence Constraint Qualifi-
cation (LICQ) for MPCC (e.g. [13]), which is said to hold at € M if the
set of vectors

{D"hi(z), i€ I, D"F (), mq € a(Z), DT Fy, (Z), my € (T),
D"g;(z), j € Jo(Z), DT Fim, (%), D" Fym, (), mg € B(Z)}

is linearly independent.

Definition 2.1 (C-stationary point, cf. [1l, 13]) A pointz € M is called
Clarke stationary (C-stationary) for MPCC'if there exist real numbers \;, i €
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[7 @mou My € 05(3_7)7 ﬁn’w; m’y S ’V(f); ﬂ]; j € JO(J_j)7 6-1,m57 52,”@37 mﬁ € ﬁ('i);
(Lagrange multipliers), such that:

1) =Y ANDhi(R)+ Y GnaDFiu, (1) + Y U DFy (2)

i€l ma€a(T) m~€v(Z)
+ Z M]ng Z (5-1,m5DF1,m5(j) + 62,m5DF2,m5 (j)) ) (2)
JEJ(Z mgeﬁ(i‘)
i > 0 for all j € Jo(z), (3)
Olmgs * O2,my > 0 for all mg € B(Z). (4)

In the case where LICQ holds at & € M, the Lagrange multipliers in (B]) are
uniquely determined.

Given a C-stationary point z € M for MPCC, we set:

M) ={zeR"| hi(z)=0,i€l,Fin,(x)=0,m, € a),
Fym, () = 0, my € 5(T), g;(x) =0, j € Jo(),
Fimg (2) = 0, Fomy (1) = 0, mg € 3(2)}.

Obviously, M(z) C M and, in the case where LICQ holds at z, M(z) is
locally a p-dimensional C?-manifold.

Definition 2.2 (Nondegenerate C-stationary point, cf. [12), 14]) A C-
stationary point T € M with Lagrange multipliers as in Definition[Z1 is called
nondegenerate if the following conditions are satisfied:

ND1: LICQ holds at z,
ND2: fi; > 0 for all j € Jo(Z),
ND3: D?L(Z) |, m(z) s nonsingular,

ND4: Giymgy - Oomy > 0 for all mg € B(Z).



Here, the matrix D?L stands for the Hessian of the Lagrange function L,

L(ZC) = f(‘r) - Zj‘lh’l Z QmaFl ma Z ﬁmﬂ,FQ mw

iel ma€a(T) m~€v(Z)

- Z 195 (x Z (1 F1my () + F2my Fomy (7)) (5)

]EJQ ) ngﬁ(i")

and Tz M (Z) denotes the tangent space of M(z) at z,

T:M(z):={¢ €R" | Dhi(z)¢é=0,i€l,
DFy (%) § =0, my € a(Z),
DFy ., (7)€ = 0, my € 7(2),
Dg;(2)§ =0, j € Jo(2)
DFy 1, (Z) € =0, DFy (7)€ =0, mg € B(2)}.

Condition ND3 means that the matrix VT D2L(z)V is nonsingular, where V/
is some matrix whose columns form a basis for the tangent space T3 M (Z).

Definition 2.3 (C-index, cf. [12]) Letx € M be a nondegenerate C-stationary
point with Lagrange multipliers as in Definition [Z4. The number of neg-
ative/positive eigenvalues of D?*L(Z) |1y is called the quadratic index
(QI)/quadratic coindex (QCI) of T. The number of pairs (G1,my, Ga,mg), Mg €
B(Z) with both G1m, and Gy, negative/positive is called the bi-active index
(BI)/bi-active coindex (BCI) of ©. The number (QI + BI)/(QCI + BCI) is
called the Clarke-index (C-index)/Clarke-coindex (C-coindex) of .

Note that in the absence of complementarity constraints, C-index has only
the QI-part and coincides with the well-known quadratic index of a nondegen-
erate Karush-Kuhn-Tucker-point in nonlinear programming or, equivalently,
with the Morse index (cf. [7, 8, [10]).

The following proposition uses the C-index for the characterization of a local
minimizer. Its proof is omitted since it can be easily seen (see also [12, [13]).

Proposition 2.1 (i) Assume that T is a local minimizer for MPCC and
that LICQ holds at x. Then, T is a C-stationary point for MPCC.



(i1) Let T be a nondegenerate C-stationary point for MPCC. Then, T is a
local minimizer for MPCC' if and only if its C-index is equal to zero.

The next proposition concerning genericity results for LICQ and for non-
degenericity of C-stationary points mainly follows from [7]. It was shown
in [T4] and for the special case of QPCC in [I2]. For its formulation we
need some further definitions. The space C*(R™, R) will be topologized by
means of the strong (or Whitney-) C*-topology, denoted by C? (cf. [5, [7]).
The C?-topology is generated by allowing perturbations of the functions and
their derivatives up to second order which are controlled by means of con-
tinuous positive functions £(-) : R* — R. The product space C?*(R", R!) =
C?*(R™,R) x---x C%*(R",R) will be topologized with the corresponding prod-
uct topology.

Proposition 2.2 (cf. [12, 14])

(i) Let F denote the subset of C*(R™, Ry x C?(R™ RIV!) x C?(R",R¥) x
C?(R™, R*) consisting of those (h, g, Fy, Fy) for which LICQ holds at all
points x € M|h, g, Fy, F5]. Then, F is C?-open and -dense.

(i) Let D denote the subset of C%(R™ R) x C%(R™ RIl) x C?(R", RV} x
C?*(R™, R¥) x C*(R"™,R¥) consisting of those (f,h,g, F1, Fy) for which
each C-stationary point of MPCC with data functions (f,h,g, F1, F3)
is nondegenerate. Then, D is C?-open and -dense.

Definition 2.4 The feasible set M admits a local C"-coordinate system of
R™ (r > 1) at & by means of a C"-diffeomorphism ® : U — V with open
R"-neighborhoods U and V' of = and 0, respectively, if it holds:

(1) ®(z) =0,

(ii) ®(M NU) = ({0} x B! x (012) " x Re) (V.

Lemma 2.1 (cf. also [14]) Suppose that LICQ holds at & € M. Then M
admits a local C*-coordinate system of R™ at Z.



Proof. Choose vectors § € R", [ =1, ..., p, which form - together with the
vectors

{D"hi(z), 1 €I,, D"Fy 1, (Z), ma € (), D" Fy . (Z), my € 7(Z),
Dng(j)a .] € JO(E)a DTFl,mB(:Z‘)a DTFQ,mB(:Z‘% mg € ﬁ(i‘)}

- a basis for R™. Next we put

Yi = hi(x),1€1 )
Y1)+me = Fin,(x), mg € a(z)
Yi1+m, = Fyp (2), my € 9(T)
Ysti = g5(x), J € Jo(7) (6)
Yorlho@ltama—1 = Fimg(7)
Ys+|Jo(z)|+2mp = FQ,mB (.T}), mpg = 17 SR |5(5)‘
Yn—p+l = x—2),1=1,...,p )
or, shortly,
y = 0(x). (7)

Note that ® € C*(R™,R"), ®(z) = 0 and the Jacobi-matrix D®(Z) is nonsin-
gular (in virtue of LICQ and the choice of §, [ = 1,...,p). By means of the
Implicit Function Theorem there exist open neighborhoods U of  and V of 0
such that ® : U — V is a C%-diffeomorphism. By shrinking U, if necessary,
we can guarantee that Jo(z) C Jo(z) and f(z) C B(z) for all z € M NU.
Thus, the property (ii) in Definition EZ41 follows directly from the definition
of ®. [J

Definition 2.5 We will refer to the C*-diffeomorphism ® defined by (@), [7)

as standard-diffeomorphism.

Remark 2.1 From the proof of LemmalZ1l it follows that the Lagrange mul-
tipliers at a nondegenerate C-stationary point are the corresponding partial
derivatives of the objective function in new coordinates given by the standard-
diffeomorphism (cf. [6], Lemma 2.2.1). Moreover, the Hessian with respect
to the last p coordinates corresponds to the restriction of the Lagrange func-
tion’s Hessian on the respective tangent space (cf. [6], Lemma 2.2.10).



3 Main results

Theorem 3.1 (Morse Lemma for MPCC) Suppose that T is a nonde-
generate C-stationary point for MPCC with quadratic index QI, bi-active
index BI and C-index = QI + BI. Then, there exists a local C'*-coordinate
system W : U — V' of R" around T (according to Definition [24)) such that:

|Jo(2)] 18(2)] P
FoU™ (0s, Yst1s -, yn) = F(Z)+ Z Yirst Z +(Yj4q-1 + y2j+q)+ziyl%+n7pa
i=1 =1 k=1

(8)
where y € {0,} x H@! x (9H2)" <« RP. Moreover, in [8) there are ezactly
BI negative linear pairs and QI negative squares.

Proof. W.lo.g., we may assume f(z) =0. Let ®: U — V be a standard-
diffeomorphism according to Definition (). We put f := f o ®~! on the

set ({05} x HIPo@)I % (8]1-]12)‘6(56)| X Rp) N V. From now on we may assume

s = 0. In view of Remark BTl we have at the origin:

of

(1) 8:% > O? (S JO(']_j>7
L Of of . .
ii . >0,5=1,...|6(x)|,
() Oajrq—1 OY2jtq @)
L Of o .
(iii) < 0 for exactly Bl indices j € {1,...|5(2)|},
8y2j+q—1
_ -
(iv) of :0,k’:1,...,pand< o7 ) is a non-
8yk+nfp 8yk1+nfp8yk2+nfp 1<ky,ka<p

singular matrix with QI negative eigenvalues.

From now on we denote f by J. Under the following coordinate transforma-
tions the set HI/o@)! x (8]1-]12)'5 @I 5 RP will be transformed in itself (equivari-
ance). As an abbreviation we put y = (Y,,_,, Y?), where Y,,_, = (y1, ..., Yn—p)



and Y? = (Yp—pi1,-- -, Yn). We write

f(Ynfpa Yp) - f(O, Yp) + /0 %f(tynpv Yp)dt = f(07 Yp) + Z%%(y);

i=1
where g; € C',i=1,...,n —p.

In view of (iv) we may apply the Morse Lemma on the C*-function f(0,Y?)
(cf. [, Theorem 2.8.2) without affecting the coordinates Y,,_,. The corre-
sponding coordinate transformation is of class C''. Denoting the transformed
functions f, g; again by f, g;, we obtain:

fly) = Zyigi(y) + Z + y,irn_p.
=1 k=1

_of
B Oy

Note that g¢;(0)

(0), 2 =1,...,n— p. Recalling (i)-(iii, we have

as new local C''-coordinates. Denoting the transformed function f again by
f and, recalling the signs in (i)-(iii), we obtain (8). Here, the coordinate
transformation ¥ is understood as the composition of all previous ones. []

Theorem Bl allows us to provide two other local representations (normal
forms) of the objective function on the MPCC feasible set with respect to
Lipschitz and Holder coordinate systems.

Recall that the set OH? represents the complementarity relations
u>0,v>0,u-v=0.
Define the mapping ¢ : OH? — R! x 0, as follows:
o(u,0) := (u,0), ¢(0,v) := (—v,0). (10)
Coordinatewise extension of ¢ on ((9]1-]12)'5 @I and leaving the other coordi-
nates invariant, (I0) induces the Lipschitz coordinate transformation @,
® - {0,} x HP@! x (g1%) "D x RP — HIP@| 5 RIF@! 5 RP (1)

In the right-hand side of ([Il) the zeros {0s} and {0;} (|8(Z)|-times) are
deleted. The proof of the following corollary is now straightforward.
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Corollary 3.1 Let f have the normal form as in ([3) and let ® be the Lips-
chitz coordinate transformation (I1). Then, we have:

@ @ +AE@) n-|B(@)+s
fod! )+ Z yz+ o Ewl+ DD Y, (12)
—{Jot@)+1 k= do(@)HIB@ 41

In ([I3) there are exactly BI negative absolute value terms and QI negative
squares.

On R! we introduce the transformation :

U(y) = sgn(y)V/Iyl. (13)

Note that the function +|y| transforms into +y*. Coordinatewise extension
of ¢ on RI*@)I and leaving the other coordinates invariant, ([[3) induces the
Holder coordinate transformation W,

P - {Ho@! ¢ RIB@I « R, Ho@) « RIFE)I o RP (14)

The proof of the following corollary is again straightforward.

Corollary 3.2 Let f have the normal form as in ({I3) and let ¥ be the Holder
coordinate transformation (7). Then, we have:

@ nel8@) s
fou! Zyﬁ > oyl (15)
= 1Jo(@) 1

The number of negative squares in (1) equals the C-index BI+QI.

Now, we come to the main theorem of the paper. For the topological concepts
we refer to [7, [15]. For a,b € R, a < b define the sets

M :={xeM|f(z)<a}
and

M?:={x e M|a< f(zr) <b}
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Theorem 3.2 Let M? be compact and suppose that LICQ is satisfied at all
points v € M?.

(a) (Deformation Theorem) If M? does not contain any C-stationary
point for MPCC, then M® is a strong deformation retract of M?".

(b) (Cell-attachment Theorem) If M’ contains exactly one C-stationary
point for MPCC, say &, and if a < f(z) < b and the C-index of T is
equal to q, then M? is homotopy-equivalent to M® with a q-cell attached.

Proof. (a) Due to LICQ at all z € M? there exist real numbers
Ai(x), 1 €1, om, (), ma € a(z), O, (x), my € y(x), (), j € Jo(z),
O1Lims(T), Ooms (1), mg € B(x), vi(z), [ =1,...,p such that:

:Z)\i(x)Dhi(fE)Jr Z Oma (2) DEFYy (2 Z 197”7 DFQm"’( 7)

iel Mo €a(r) m~Ey(x)
+ 3 (@) Dgi @)+ Y (1 () DFymy () + 0oy (2) D P ( +Zul
j€Jo(z) mg€f(x)
where vectors &, [ = 1,...,p are chosen as in Lemma EZT. We set:

A:={x € M?| there exists [ € {1,...,p} with y(z) # 0},
B :={z € M!| there exists j € Jy(z) with u;(z) < 0},
C :={z € M?| there exists mg € f(z) with oy, () - 02, (z) < 0}.

Since each Z € M? is not C-stationary for MPCC, we get 7 € AU BUC.
The proof consists of a local argument and its globalization.
First, we show the local argument:

For each # € M? there exist an (R")-neighborhood U; of 7, t; > 0 and a
mapping
' (t,x) —  W¥(t,x) such that:

12
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(i) W2(t, M*NU;) C M*t for all t € [0,15),
(ii) W2(ty+tg, ) = UZ(ty, U¥(ty,-)) for all t1, to € [0, tz) with t;+t5 € [0,15),

(iii) if z € AU B, then ¥?(-,-) is a C'-flow corresponding to a C'-vector
field F*.

(iv) if z € C, then W*(-,-) is a Lipschitz flow.

Obviously, the level sets of f are locally mapped onto the level sets of fo®~1,
where ® is a C'-diffeomorphism according to Definition 4. Applying the
standard-diffeomorphism ® from Definition EZ5, we consider fo®~! (denoted
by f again). Thus, we have z = 0 and f is given on the feasible set {04} X

HIo@)] w« (8H2)|5(i’)| « RP.

Casea) z € A

Then, due to Remark 1] there exists [ € {1,...,p} with g—i(f) # 0. Define
a local C''-vector field F'* as follows:

; 0 0 -
Fo(xy, ..z, x) = (0,...,—a—£(x)- (8—5;(33)) ,...,0)

After respective inverse changes of local coordinates F'* induces the flow U?,
which fits the local argument (see [7], Theorem 2.7.6 for details).

Case b) 7€ B

T

Then, due to Remark ZT] there exists j € Jy(z) with %(j) < 0. By means

of a C'-coordinate transformation (along the lines of [7], Theorem 3.2.26)
in the j-th coordinate on H, leaving the other coordinates unchanged, we
obtain locally for f:

flay, .oz, xn) = =25 + f(21,.. ., T4, .., 20).
Define a local C'l-vector field F* as follows:

Fo @y, .. @, 2) = (0,...,1,...,O)T.



After respective inverse changes of local coordinates F'* induces the flow W%,
which fits the local argument (see [f], Theorem 3.3.25 for details).

Casec) z € C

Then, due to Remark 211 there exists mg € ((x) with
aof of
(7)

8x1,m5 a{L‘LmB

() < 0.

W.l.o.g., we assume that ﬁ(i) < 0 and ﬁ(i) > 0.

From the proof of Theorem Bl Formula () we can obtain for f in new
C'-coordinates the representation:

f(xla s 7xj7 cee 7xn) = _xl,mg +x2,m5 + f(l‘la cee 7j1,m57j2,m57 s 7:L‘n)'

Define the mapping ¥* locally as follows:
Uo (L, ... s Tlimgy T2mgs - - Tn) =

(@1, Ty, + max{0,t — 2o, }, max{0, xam, — t},...,2,)"

After respective inverse changes of local coordinates W? fits the local argu-
ment.

Note that in all the Cases a)-c) WZ(¢, ) leaves the feasible set {0,} x HIl/o@)! x
(8H2)‘ﬁ @ % RP invariant.

Globalization.

Consider the open covering {U, |z € C}U{U; |z € M\{U, |z € C}} of M?.
Due to continuity arguments Uz, € MY\{U, |z € C} can be taken smaller,
if necessary, to be disjoint with C'. Since M? is compact, we get a finite open
subcovering {U,, | z; € CYU{Us, |z; € MI\{U, |z € C}} of M!. Using a
C>-partition of unity {¢;} subordinate to {Uz, | z; € MI\{U, |z € C}} we

define with F7 (cf. Cases a),b)) a Cl-vector field F' := Zgbijf. The last

J
induces a flow ¥ on {U;, | z; € MI\{U, |z € C}} (see [7], Theorem 3.3.14 for
details). Note that in each nonempty overlapping region U,, N U,;, z; € C,
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z; € MUM\{U, |z € C} the flow ¥ induces exactly the vector field F (cf.
Case ¢)). Hence, local trajectories can be glued together on M? named by
U again. Moreover, moving along the local pieces of the trajectories ¥(-, z),
x € M? reduces the level of f at least by a positive real

min{t,,, t,, |z; € C,x; € MM\{U, |z € C}}
; :

Thus, we obtain for € M? a unique t,(z) > 0 with U(t,(x),z) € M?. Tt is
not hard (but technical) to realize that ¢, : © — t,(z) is Lipschitz. Finally,
we define 7 : [0,1] x M® — M?" as follows:

r(r ) - x forx e M*, 1€
TP U(rte(n),2) forze MY, 7€

[0, 1]
0,1].

The mapping 7 provides that M is a strong deformation retract of M?.

Y

(b) In virtue of the Deformation Theorem and the normal forms (§), (2,
(@), the proof of the Cell-attachment part becomes standard. In fact, the
Deformation Theorem allows deformations up to an arbitrarily small neigh-
borhood of the C-stationary point z. In such a neighborhood we can work
in continuous local coordinates, and use the explicit normal form ([H). In
the normal form ([3) the origin is a non-degenerate KKT-point and the cell-
attachment can be performed as in [7], Theorem 3.3.33. OJ

Remark 3.2 We emphasize that the linear terms y;, i € Jo(Z), in ({I3) do
not contribute to the dimension of the cell to be attached. In fact, w.r.t.
lower level sets, the 1-dim. constrained singularity y, y > 0, plays the same
role as the unconstrained singularity y. In this sense the constrained linear
terms in (1) do not contribute to the number of negative squares.

Remark 3.3 Another way of looking at the cell-attachment part is via strat-
ified Morse Theory ([4], Section 3.7). In fact, recall the normal form ().
The set {0,} x HIPo@I x (8]1-]12)'5(5:)' X RP can be interpreted as the product
of the "tangential part” RP and the "normal part” HIPo@I x (8]1-]12)'5(5:)' x RP.
The main theorem in [ states that the local ”Morse data” is the product of
the tangential ”Morse data” with the normal "Morse data”. The tangential
Morse index equals QI and, in view of Remark[Z3, the normal Morse index
equals BI. In the product, the index then becomes the sum QI+BI, what is
precisely the C-indez.
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4 Discussion of different stationarity concepts

We briefly review well-known definitions of various stationarity concepts and
connections between them (cf. [2], [I1], [13]).

Definition 4.1 Letz € M.

is called W-stationary if {4), (3) hold.
is called A-stationary if (@), (@) hold and

Kl

(i)
(it)

Kl

Olimg > 0 01 Gom, >0 for all mg € B().

is called M-stationary if {4), (3) hold and

S

(iii)
(O1Limg >0 and G1,m; > 0) 07 G1my - Ooms =0 for all mg € B(T).

(iv) Z is called S-stationary if (3), (3) hold and

Otms > 0,02m, >0 for all mg € B(7).

(v) T is called B-stationary if d = 0 is a local solution of the linearized

problem:
min f(z)+ Df(z)d s.t.
Fi (%) + DFy p(Z)d > 0, Fy 0, (Z) + DFy 0 (7)d > 0,
(Fl,m@_j) + DFI,m('f)d> ’ (FQ,m@_j) + DFQ,m('f>d) = 07 m = 17 R k;
h(z) + Dh(z)d = 0,9(x) + Dg(z)d > 0.

The following diagram summarizes the relations between mentioned station-
arity concepts (e.g. [16]):

S-stationary point — B-stationary point
(X under LICQ
M-stationary point
\ \
C-stationary point  A-stationary point
\ \

W-stationary point
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Assuming nondegeneracy (as in Definition Z2) we see that A-, M, S-; B-
stationary points are tighter characterizations of a local minimum than C-
stationary points. However, they exclude C-stationary points with BI >
0. These points are also crucial for the topological structure of MPCC (cf.
Cell-attachment Theorem). For global optimization, points of C-index =
1 play an important role, see also the Introduction. We emphasize that
among the points of C-index = 1 there is no substantial difference between
the points with BI =1, QI = 0 and BI =0, QI = 1. It is worth to
mention that a linear descent direction might exist in a nondegenerate C-
stationary point (see [9] and [I3] for examples and the following discussion).
However, at points with Bl = 1, QI = 0 there are exactly two directions of
linear decrease. Both of them are important from a global point of view. In
turn, W-stationary points contain those with negative and positive Lagrange
multipliers corresponding to the same complementarity constraint. Due to
Deformation Theorem such points are irrelevant for the topological structure

of MPCC.
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