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Abstract
This paper considers the goodness of pro�les of opportunity setstaking into account some relevant features of this distributive problemin addition to equity. Apart from some basic axioms, we consideradditional properties that make sense when the unique informationavailable to the social decision-maker to rank the opportunity setsis the partial inclusion ranking. We show that the unique way toevaluate the distribution of opportunities in that case is to sum thenumber of opportunities available to all individuals in the society. Weshow two ways to overcome this result. In each one, we characterizetwo families of criteria such that they include many of the apparentlydisparate rankings proposed in the literature.
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1 Introduction
Individuals in any society require opportunities to ful�ll their needs anddesires. The availability of opportunities is probably one of the basic re-quirements to make life worthwhile. Thus, the distribution of opportunitiesis a signi�cant feature of a social choice problem. In view of the wide rangeof interpretations of the notion of opportunity (from Rawls' primary goodsto Sen's capabilities), the general framework adopted in our study is onethat can be adapted to all of them. Individuals are endowed with opportu-nity sets, and social situations are evaluated in terms of their opportunitypro�les, i.e., the description of the opportunities available to each individual.

Despite the simple structure of this model, the literature proposes severalsocial rankings to evaluate the distribution of opportunities (for a survey, seePeragine [9]). All of these proposals identify some of the relevant featuresof the social problem that may in
uence the social decision-maker. Most ofthese rankings highlight the importance of equality of opportunities as a keyissue in the social evaluation of public policies. This is the basic point inthe proposals of Kranich [5] and Herrero [3], where some characterizationsof di�erences-based rules are provided. The proposals of Herrero et al. [4]and Bossert et al. [1] also consider equity issues through their interest in theopportunities common to all individuals. Equality is also the main concernin Ok [6], Ok and Kranich [7] and Savaglio and Vanucci [11], where theaim is to describe the parallelism between the opportunity framework andthe more classical income distribution approach. While Weymark [13] alsoexploits this parallelism, he is concerned with providing an overall evaluationof opportunity distributions. Such an evaluation would cover aspects of thedistribution of opportunities in addition to equity, such as the availability ofopportunities (an e�ciency aspect). We adopt this more general view in ourpaper.
Furthermore, all of this literature shares two important features that wewill attempt to highlight in the course of this paper. First, despite the appar-
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ent di�erences between all of the proposed rankings, we will show throughoutthe paper that there is a core of properties common to all of them. This factwill be re
ected in this paper by a group of axioms capturing the intuitiveideas about the goodness of opportunity distributions underlying many of theaxioms in the literature. We will propose weaker versions of some of theseaxioms in order to achieve the above-mentioned aim of avoiding consideringequity as the only relevant aspect of goodness.
Second, societies are ranked in the proposals of the literature on the basisof absolute criteria; i.e., the implementation of a public policy that involvesa switch from one distribution to another is judged independently of thestatus quo position. We incorporate this idea to our analysis through someproperties that will be introduced in the next sections.
Additionally, in the evaluation of opportunity distributions, it is impor-tant to have a ranking to evaluate the opportunity sets of the agents in orderto know which individuals are advantaged and which are disadvantaged inthe distribution. Ok [6] showed that the unique complete ranking of opportu-nity sets that is compatible with some properties of equality in opportunitypro�les is the Cardinality-based Criterion of Pattanaik and Xu [8]. Giventhis result and the fact that the unique unquestionable comparisons for thesocial decision-maker are the ones implied by the partial inclusion ranking,we propose as a starting point this partial ranking to judge the desirabilityof the opportunity sets.
Then, the objective of this paper is to �nd general absolute rankings ofopportunity distributions using the partial inclusion ranking to evaluate theopportunity sets. We show that these assumptions lead to the sum of thenumber of opportunities of all individuals as the measure of the goodness ofan opportunity distribution. Given that we think that this ranking is notvery concerned with equity issues, we propose two ways to overcome thisresult. First, we propose that the criterion incorporates some informationabout the common alternatives of the distribution when it judges a public
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policy. This consideration leads to a family of intuitive criteria that includessome of the proposals of the literature. Second, we propose to consider acomplete ranking of opportunity sets as a starting point. Given the resultsof Ok [6], we select the Cardinality-Based Criterion and we obtain otherfamily of intuitive criteria, including other proposals of the literature.
The structure of the paper is as follows. Section 2 presents some notationand de�nitions. Section 3 is devoted to presenting the two-agent case. Afterthat, in Section 4, all of the axioms are intuitively generalized to the case ofan arbitrary number of agents. Some extensions of the results for the two-agent case to this more general framework are provided. Section 5 o�ers abrief conclusion. The proofs of the results are presented in the Appendix.

2 Basic Notation and De�nitions
Let I = f1; : : : ; ng denote the �nite set of individuals and let X be anin�nite set of opportunities. The set of non-empty �nite subsets of X is L.An opportunity set for agent i 2 I is an element Oi 2 L. We consider pro�lesof opportunity sets of the form O = (O1; : : : ; On) 2 Ln. Let O[ = Si2I Oiand O\ = Ti2I Oi.

Given O 2 Ln, �O denotes the set of permutations � of I such thatjO�(i+1)j � jO�(i)j for all i 2 f1; : : : ; n � 1g. The pro�le (O�(1); : : : ; O�(n))is denoted by �(O). A pro�le O is nested if O�(i+1) � O�(i) for all i 2f1; : : : ; n � 1g and for all � 2 �O.1 In particular, we denote by N the setof nested pro�les in which the identity mapping belongs to �O. That is,N = fO 2 Ln such that Oi+1 � Oi for all i 2 f1; : : : ; n� 1gg.
Along the paper, we consider changes involving the addition and removalof opportunities for pro�les in N . To simplify the exposition for some of
1Notice that this is equivalent to require inclusion only for some � 2 �O. This equiv-alence allows us, for the sake of simplicity, to avoid any quanti�er involving � in theformulation of our properties.

5



these cases, we de�ne a change function as a map f : (L [ ;)2n � N !(L [ ;)n such that for all A1; B1; : : : ; An; Bn 2 (L [ ;) and for all O 2 N ,f(A1; B1; : : : ; An; Bn; O) = ((O1 n A1) [B1; : : : ; (On n An) [Bn).
When clear, we do not explicit the added and removed elements and usef(�; O) as notation. We also denote the i-th component of f(�; O) as fi(�; O).
We consider transitive and complete binary relations %� Ln�Ln. O % Uis used to capture the general idea that pro�le O is socially preferred to pro�leU . The relations � and � are de�ned as usual.
The set of natural numbers is denoted by N, whereas N� = N [ f0g, Z isthe set of integers, Q is the set of rational numbers and R is the set of realnumbers.

3 The two-agent framework
We initially focus exclusively on the case of two agents, n = 2. The followingthree axioms are weaker versions of various axioms found in the literature.

Anonymity (ANON): (O1; O2) � (O2; O1) for all O 2 L2.
Anonymity is a very basic property when distributional concerns are im-portant. There is no proposal in this literature that denies the relevance ofthe Anonymity axiom. In the acceptance of ANON is implicit that all therelevant characteristics to judge social situations are included in the oppor-tunity sets of the individuals.
Assimilation (ASM): For all O 2 L2, all x 2 (X nO[) and all y1; y2 2 X,we have that (O1 [ fxg; O2 [ fxg) % (O1 [ fy1g; O2 [ fy2g) whenever:1. yi 2 Oi for all i 2 f1; 2gor 2. yi 62 Oi for all i 2 f1; 2g and there exists j 2 f1; 2g such that yj 62 O[.
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Assimilation is a relaxed version of a combination of two di�erent prop-erties (Independence of Common Expansions and Assimilation) proposed inthe original work of Kranich [5] and also incorporated in Weymark [13]. Inde-pendence of Common Expansions implies that the social evaluation orderingremains invariant after the addition of the same element to both individuals.Case 1 in our axiom is a weaker form of this requirement because it allowsa social improvement in such situations. A variety of reasons can be usedto support this view. For instance, we could appeal to a concern for otherethical values apart from equity (e�ciency, for instance). It can also be ar-gued, even in a case concerning pure equity, that equal expansions lead toreductions in inequality, considered as a relative notion.
Case 2 in our property implies that the addition of any two new oppor-tunities (one for each individual) in a given pro�le is not strictly better thano�ering the same new opportunity to both individuals. This is a weaker ax-iom than the Assimilation axiom in Kranich [5] and in Weymark [13]. Theaxiom they propose implies the following:
For all O2L2 and all x; y1; y2 2 X such that y1 62 O1, y2 62 O2 andx 62 O[, (O1 [ fxg; O2 [ fxg) % (O1 [ fy1g; O2 [ fy2g):
Then, we have that case 2 of our property is weaker than the axiom inKranich [5] and in Weymark [13], because they require to the alternativesy1 and y2 only that yi 62 Oi for all i 2 f1; 2g, whereas we impose the addi-tional requirement that there must be j 2 f1; 2g such that yj 62 O[. Thisweakening is not trivial, since it avoids some counterintuitive results thatmay be implied by Kranich's and Weymark's axiom. For example, considerthe pro�le O = (fy2g; fy1g) and the following expansions of O; �rst, addthe alternative y1 to the �rst individual and y2 to the second one, obtain-ing the pro�le O0 = (fy1; y2g; fy1; y2g). Second, consider the expansion ofO implied by the addition of x to both individuals. The resulting pro�le is
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O00 = (fy2; xg; fy1; xg). If the spirit of the axiom is giving more importanceto the common alternatives in the evaluation of the equality of opportunities,O0 should be better than O00 . The reason is that O0 is a situation in whichboth individuals have the same opportunity set of two alternatives and in O00

both individuals have two opportunities, but only one is common. However,the Assimilation axiom of Kranich [5] and Weymark [13] states that O00 % O0 ,while our case 2 does not support any preference between O0 and O00 , giventhat y1 2 O2 and y2 2 O1.We think that our version avoids these paradoxes because it requires thatat least one of the alternatives y1 and y2 must be totally exogenous to thepro�le O, whereas the version of Kranich [5] and Weymark [13] allows thaty1 2 O2 and y2 2 O1.
Monotonicity (MON): For all O 2 N and for all x 62 O2,
(O1; O2 [ fxg) % (O1 [ fxg; O2), with strict preference if x 2 O1.

Monotonicity expresses a social concern for disadvantaged individuals.Suppose that the opportunity set of agent 2 is strictly contained in thatof agent 1. Then, in any arguable sense, we can say that individual 1 isadvantaged with respect to individual 2. The axiom says that, in such situa-tions, it is weakly preferable to o�er a new opportunity to the disadvantagedindividual than to the advantaged one. With the same objective, the reduc-tion of an existing gap between agents 1 and 2 (by o�ering an alternative inO1 n O2 to the disadvantaged agent) should be considered a social improve-ment. The �rst part of the axiom resembles the Generalized Pigou-DaltonTransfer Principle of Weymark [13]. With respect to the second part, thereduction of existing gaps is also the motivation of Kranich's Monotonicityaxiom. However, in Kranich [5], it is proposed that the addition of an alter-native to the advantaged agent constitutes a strict reduction in total socialwelfare. We consider our version to be more appropriate within a generalapproach in which equity may not be the only social evaluation criterion.
8



These three axioms are satis�ed by a large collection of rankings and willbe the core of properties that share some of the rankings of the literature. Wenow propose two more properties to be incorporated into the analysis. Theyare not as unquestionable as ANON, ASM or MON, but may make sense ina context in which the social decision-maker has, as the unique informationto rank opportunity sets, the partial inclusion ranking.
Absence of Information in Non-Nested Pro�les (AIN): For all O 2 L2such that �(O) 62 N and for all xi 62 Oi, with i 2 f1; 2g, such that x1 2O2 , x2 2 O1, (O1 [ fx1g; O2) � (O1; O2 [ fx2g):
As we have mentioned above, AIN makes sense only whenever the inclu-sion partial order is the only relevant (social) information to rank opportunitysets. In this case, we have no information about which individual is moredisadvantaged except in nested pro�les. AIN implies that, in the absence ofsuch information, the evaluation of an enhancement to an individual oppor-tunity set should be ranked independently of the agent involved. We requireto such enhancements that if the opportunity added to the �rst individualbelongs to the opportunity set of the second individual, then the alterna-tive added to the second individual must belong to the opportunity set ofthe �rst one, and vice versa. The justi�cation of the property comes fromthe fact that, in non-nested pro�les, the social decision-maker is not able todistinguish between the addition of an alternative to one individual or toanother, because she is totally uncertain about who is advantaged and whois disadvantaged.
The following property requires that the social evaluation remains invari-ant to the application of a common change to two nested pro�les.
Independence of Status Quo (ISQ): For all O;U 2 N and for all Ai; Bi 2(L [ ;) such that Ai � (Oi \ Ui), Bi \ (Oi [ Ui) = ; for all i 2 f1; 2g andf(�; O); f(�; U) 2 L2 whenever
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f1(�; O) 6� f2(�; O) and f1(�; U) 6� f2(�; U),it must follow that O % U ) f(�; O) % f(�; U).
As we have mentioned in the Introduction, we are interested in this pa-per in absolute rankings, that is, in criteria that judge the changes betweenopportunity pro�les independently of the status quo position. To re
ect thisidea, ISQ states that if we apply the same change to two nested pro�les, theresultant pro�les must be compared in the same way as the original ones.Note that the change must be applied to nested pro�les because this is theunique situation in which, given our assumptions, we can di�erentiate be-tween the advantaged and the disadvantaged agent. This is also the caseof the Independence of Rank-Preserving Expansions' property of Kranich [5]and Weymark [13], although they only require the property to hold wheneverA2 � A1 and B2 � B1. Given our focus on the partial inclusion ranking,we expand this idea to all cases in which the original notion of advantaged-disadvantaged does not totally reverse; that is, to situations in which thedisadvantaged individual has not converted into the advantaged one (its op-portunity set after the change should not be a superset of the opportunityset of the other individual).

An unexpected result

We have described a set of properties to rank opportunity distributions.ANON, ASM and MON re
ect fundamental ideas of the literature in a weakversion. Our objective is to know which are the consequences of assumingalso AIN and/or ISQ, that might make sense only in the context of absolutecriteria and when the unique information available to the social decision-maker to rank opportunity sets is the partial inclusion ranking. To do that,consider the following additional characteristic of a ranking of opportunitypro�les.
De�nition 3.1 A ranking % on L2 satis�es the Sum of Opportunities prop-erty when for all O;U 2 L2, jO1j+ jO2j > jU1j+ jU2j ) O � U .
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As will be proved, any criterion satisfying the axioms introduced abovealso satis�es the Sum of Opportunities property. This seems to be a some-what deceptive result because this property leads us directly to a compromisethat has little to do with equity issues. One is tempted to think that the AINaxiom is the main source of this result. This idea is false, however, becausethe other four axioms also lead to the same result.
Theorem 3.1 If % satis�es ANON, ASM, MON and ISQ, then it also sat-is�es the Sum of Opportunities property.

Then, given the result of Theorem 3.1, if we desire general criteria forranking opportunity pro�les with di�erent compromises between equity ande�ciency, we have to weaken some of the axioms. Given that ANON, ASMand MON are weaker versions of properties documented in the literature, wefocus on ISQ.
A possibility result

The ISQ axiom allows changes in which the common opportunity sets (O\and U\) are modi�ed in a substantively di�erent way. As it is widely acknowl-edged in the literature, the set of common opportunities plays a substantialrole when judging social distributions. (See for instance Herrero et al. [4]and Bossert et al. [1], among others.) We may think in some restrictions forthe set of appliable changes and we propose the following �rst weakening ofISQ.
Weak Independence of Status Quo (WISQ): For all O;U 2 N and for allAi; Bi 2 (L[;) such that Ai � (Oi \Ui), Bi \ (Oi [Ui) = ; for all i 2 f1; 2gand f(�; O); f(�; U) 2 L2 whenever
f1(�; O) 6� f2(�; O) and f1(�; U) 6� f2(�; U)

and
O\ n [f(�; O)]\ = U\ n [f(�; U)]\ and [f(�; O)]\ nO\ = [f(�; U)]\ n U\,
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it must follow that O % U ) f(�; O) % f(�; U).
We require, as in ISQ, that the notion of advantaged-disadvantaged doesnot totally reverse acording to the partial inclusion ranking. But now, theopportunities that have disappeared from the common set must be the samein both pro�les and the same must occur with the new opportunities incor-porated to the common set. Only in this case, WISQ ranks the resultingpro�les in the same manner that the original pro�les were ranked.
Substituting WISQ for ISQ allows us to escape from the result of The-orem 3.1. Consider the following family of criteria that combine, using aparameter 
, the number of common opportunities and the number of totalopportunities in the distribution.

De�nition 3.2 A ranking %
 on L2 is a Common Welfare Criterion withparameter 
 2 [�1; 1] if and only if it can be expressed in the following way:for all O;U 2 L2,
O %
 U , jO\j+ 
 � jO[j � jU\j+ 
 � jU[j.

The Common Welfare Criteria evaluate an opportunity distribution bymeans of a weighted sum of the number of opportunities in the common setand the number of opportunities in the union set. We also propose otherfamilies representing lexicographic re�nements of the Common Welfare Cri-teria, using the extreme cases as tie-breakers whenever the Common WelfareCriterion of a given parameter 
 ranks two pro�les as indi�erent.
De�nition 3.3 A ranking %1
 on L2 is a type 1 Common-LexicographicWelfare Criterion with parameter 
 2 [�1; 1] if and only if it can be expressedas follows: for all O;U 2 L2,

O %1
 U , O �
 U or [O �
 U and O %
=�1 U ].
12



De�nition 3.4 A ranking %2
 on L2 is a type 2 Common-LexicographicWelfare Criterion with parameter 
 2 [�1; 1] if and only if it can be expressedas follows: for all O;U 2 L2,
O %2
 U , O �
 U or [O �
 U and O %
=1 U ].

Only whenever the previously de�ned weighted sum give the same valuefor two pro�les, %
, %1
 and %2
 di�er.2 %
 ranks them as indi�erent, mean-while the other two look for more information in the pro�les to establish apreference. To do that, they take into consideration a di�erent weighted sumto break the tie. In case of %1
, the tie-breaker is %
=�1, whereas in case of
%2
, the tie-breaker is %
=1. It could be argued that any other non-extremecriterion of the family could be used as a tie-breaker. It can be easily proved,however, that this would be equivalent to using one of the extremes as a tie-breaker, and would in any case lead to the type 1 or 2 Common-LexicographicWelfare Criterion.

Some relevant rankings are included in these families. The �rst is theranking that evaluates the opportunity pro�les on the basis of the symmetricdi�erence, i.e., the opportunities available to some but not all individuals inthe society. These alternatives re
ect somehow the discrimination of agentsin society. Counting negatively these alternatives would correspond to theCommon Welfare Criterion with a parameter value 
 = �1. This proposalappears to focus exclusively on the equity component, but there are otherproposals that include some e�ciency aspects. For example, the ranking thatevaluates opportunity distributions by the intersection set (or common set)of each distribution is the main point in the article by Herrero et al. [4] andof a criterion proposed by Bossert et al. [1]. This proposal corresponds to
2Clearly, this analysis holds for all 
 2 Q \ (�1; 1). If 
 2 f�1; 1g, one of there�nements coincides with the original criterion. If 
 2 (RnQ)\ (�1; 1), both re�nementscoincide with the original criterion.
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the Common Welfare Criterion with a parameter value of 
 = 0.3 A straight-forward manipulation shows also that the Common Welfare Criterion with
 = 1 judges social distributions in terms of the total number of opportunitiesavailable to the individuals (with the common opportunities being countedseparately for each individual). One may interpret the parameter 
 as thedegree of importance given to e�ciency issues in the social evaluation.
Herrero et al. [4] also consider the lexicographic evaluation of the com-mon set and the union set in the utilitarian opportunity relation, which corre-sponds to the type 2 Common-Lexicographic Welfare Criterion with 
 = 0.4
Indeed, in combination with AIN, axioms ANON, ASM, MON and WISQcharacterize the introduced families.

Theorem 3.2 % satis�es ANON, ASM, MON, AIN and WISQ if and onlyif there exists 
 2 [�1; 1] such that %2 f%
;%1
;%2
g.
Another possibility result

In this section, we explore another plausible modi�cation of ISQ. The orig-inal property required that the changes did not turn the advantaged agentinto the disadavantaged one in any of the pro�les (with respect to the partialinclusion ranking). However, the agents involved may have changed theirpositions with respect to some completion of the partial inclusion ordering.We propose to weaken ISQ to apply only to changes in which the stricter no-tion of advantaged-disadvantaged re
ected by means of the Cardinality-basedCriterion is respected. The reasons to choose this particular completion ofthe partial inclusion ranking are the results in Ok [6]. There, it is proved thatthis criterion is the unique complete ranking of opportunity sets compatiblewith some equity properties.
3These papers consider this evaluation in terms of a general ranking over opportu-nity sets, but the criterion corresponds with the Common Welfare Criterion with 
 = 0whenever the Cardinality-based criterion of Pattanaik and Xu [8] is at stake.4The previous footnote does also apply to this criterion in a parallel way.
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Weak Independence of Status Quo 2 (WISQ2): For all O;U 2 N andfor all Ai; Bi 2 (L [ ;) such that Ai � (Oi \ Ui), Bi \ (Oi [ Ui) = ; for alli 2 f1; 2g and f(�; O); f(�; U) 2 L2 whenever
jf1(�; O)j � jf2(�; O)j and jf1(�; U)j � jf2(�; U)j,

it must follow that O % U ) f(�; O) % f(�; U).
We require, as in axiom ISQ, that the partial notion of advantaged-disadvantaged does not totally reverse acording to the partial inclusion rank-ing. But now, moreover, WISQ2 strengths this requirement by imposing thatthe disadvantaged agent does not become the agent with more alternativesafter the change. Only in this case, WISQ2 ranks the resulting pro�les inthe same manner that the original pro�les were ranked. Obviously, WISQ2is weaker than ISQ, but there is no direct link with WISQ.
In the presence of AIN, this weakening is not enough to expand the validcriteria beyond those described by the Sum of Opportunities property, asshown in the following theorem.

Theorem 3.3 If % satis�es ANON, ASM, MON, AIN and WISQ2, then italso satis�es the Sum of Opportunities property.
However, once we have chosen the Cardinality-based Criterion as an indi-cator of the goodness of the opportunity sets, AIN appears to lose its appeal.Eliminating AIN allows us to escape from the result of Theorem 3.3 (equiv-alently, substituting WISQ2 for ISQ allows us to escape from the result ofTheorem 3.1). Consider the following family of criteria that combine, usinga parameter �, the number of opportunities available to the individual withfewer oportunities and the number available to the other.

De�nition 3.5 A ranking %� on L2 is a Weighted Welfare Criterion withparameter � 2 [�1; 1] if it can be expressed as follows: for all O;U 2 L2,
O %� U , jO�(2)j+ � � jO�(1)j � jU�(2)j+ � � jU�(1)j.
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The Weighted Welfare Criteria evaluate an opportunity distribution bymeans of a weighted sum of the number of opportunities of the agent withless alternatives and the number of the opportunities of the other agent.We also propose other families representing lexicographic re�nements of theWeighted Welfare Criteria, using the extreme cases as tie-breakers wheneverthe Weighted Welfare Criterion of a given parameter � ranks two pro�les asindi�erent.5
De�nition 3.6 A ranking %1� on L2 is a type 1 Weighted-LexicographicWelfare Criterion with parameter � 2 [�1; 1] if it can be expressed as follows:for all O;U 2 L2,

O %1� U , O �� U or [O �� U and O %�=�1 U ].
De�nition 3.7 A ranking %2� on L2 is a type 2 Weighted-LexicographicWelfare Criterion with parameter � 2 [�1; 1] if it can be expressed as follows:for all O;U 2 L2,

O %2� U , O �� U or [O �� U and O %�=1 U ].
The families described above implement many criteria found in the liter-ature. The Weighted Welfare Criterion with a parameter value of � = �1represents the Cardinality Di�erence Criterion of Kranich [5], which focusesonly on equality of opportunities. At the other extreme, a value of � = 1 rep-resents the (utilitarian) sum of opportunities. Note also that %�=1 coincideswith %
=1. For an intermediate � = 0, we obtain the Maximin Criterion(which is discussed and generalized in Bossert et al. [1] and comes from theanalysis of utility distributions; see also footnotes 3 and 4). Therefore, thevalue of � can also be interpreted as a re
ection of our concern for e�ciency.
With respect to the lexicographic versions of our criteria, notice for in-stance that the Leximin Criterion (translated to the opportunity context in a
5These families are parallel to those de�ned in the previous subsection. The commenton the use of other criteria as tie-breakers does also apply here in a parallel way.
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natural way) is the type 2 Weighted-Lexicographic Criterion with parameter� = 0.
Axioms ANON, ASM, MON and WISQ2 characterize these families.
Theorem 3.4 % satis�es ANON, ASM, MON and WISQ2 if and only ifthere exists � 2 [�1; 1] such that %2 f%�;%1�;%2�g.

We also show that the axioms used in the characterization results (The-orems 3.2 and 3.4) are independent.
Proposition 3.1 The following statements hold:

1. Axioms ANON, ASM, MON, AIN and WISQ are independent.
2. Axioms ANON, ASM, MON and WISQ2 are independent.

4 The n-agent case
In this section, we will extend the results of the previous section to the generalcase of an arbitrary set of agents. First, we will propose and discuss suitableextensions of the axioms considered in Section 3. Second, we will provide agroup of results that partially extend the theorems of the previous section.A brief explanation of this analysis will conclude the section.

Anonymity (ANONn): O � �(O) for all O 2 Ln.
This extension seems very natural. This is less simple for the other prop-erties.
Assimilation (ASMn): For all O 2 Ln, all x 2 (XnO[) and all y1; : : : ; yn 2X, we have that (O1 [ fxg; : : : ; On [ fxg) % (O1 [ fy1g; : : : ; On [ fyng)whenever:
1. yi 2 Oi for all i 2 Ior
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2. for all K � I, there exists y 2 fykgk2K such that y 62 Sk2K Ok.
The extension of part 1 is obvious. With respect to part 2, one mightconsider the following restriction: yi 62 Oi for all i 2 I and there exists j 2 Isuch that yj 62 O[. We adopt a stronger restriction (and thus a weakeraxiom) to avoid establishing a �xed answer in some dubious comparisons,such as the following:

Example 4.1 Let n be an even number. Consider the pro�le O 2 Ln whereOi = fa1g for all i � n2 and Oi = fa2g otherwise, with a1 6= a2. Wewould like to study the following two expansions. In the �rst case, we con-sider the addition of an exogenous and common alternative x to all agents.This leads to the social distribution U 2 Ln where Ui = fa1; xg for alli � n2 and Ui = fa2; xg otherwise, where there are two n2�sized groupsof equally treated individuals and an alternative common to both of them.In the second case, we consider the addition of a2 to the �rst n2 individ-uals, x to the n-th individual and a1 to the rest, leading to the pro�leV = (fa1; a2g; fa1; a2g; : : : ; fa1; a2g; fx; a2g). In this pro�le, there are againtwo classes of agents all the members of which are equally treated, again withan alternative common to all of them. The dimmensions of the groups aredi�erent, however, and to �nd a conclusive answer to the question of how tocompare these two pro�les involves some debate on polarization which willrequire more careful insight (see, for instance, Esteban and Ray [2] in anincome framework). Notice that the extension of ASM we have adopted doesnot impose any comparison between U and V . However, the other naturalextension tilts the balance weakly in favor of U .
In any case, all of these versions of Assimilation (in the n-agent case)are weaker than the version employed in Kranich [5] and Weymark [13] inwhich only yi 62 Oi for all i 2 I is required. Their version of this axiomnot only compares the pro�les in the previous example, but it also has somecounterintuitive implications, as comented in Section 3. A similar examplecan be constructed for the general case.
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Example 4.2 Consider the pro�les O and U in Example 4.1 and the fol-lowing pro�le W = (fa1; a2g; fa1; a2g; fa1; a2g; : : : ; fa1; a2g), which can beobtained by expanding O through the addition of a2 to the �rst n2 agents anda1 to the rest. W is clearly an egalitarian pro�le, whereas U , which wouldbe weakly ranked above W assuming the strongest version of assimilation,is not. It seems to us that no such clear judgement should be made fromthe very beginning. Neither of the two versions discussed previously wouldcompare U and W .
With respect to Monotonicity, we adopt the following version of this axiom:

Monotonicity (MONn): For all O 2 N , for all i; j 2 I such that j > iand for all x 62 Oj,
(O1; : : : ; Oi; : : : ; Oj [ fxg; : : : ; On) % (O1; : : : ; Oi [ fxg; : : : ; Oj; : : : ; On),with strict preference if j = n and x 2 Ok for all k 6= j.
The �rst part of Monotonicity extends the two-person property by as-suming that it is socially preferable to expand (with the same alternative)the opportunity set of a more disadvantaged individual. This conclusioncan only be applied whenever the entire pro�le is nested. This constitutes arelaxation of the Generalized Pigou-Dalton Transfer Principle of Weymark[13], which applies to any pro�le in which Oj is contained in Oi.
A natural extension of the strict part might require removing the require-ment that j = n. We adopt this condition as the weakest starting point,where only the addition of alternatives to the least-advantaged individual de-notes a clear improvement, whereas any other expansion must be subjected tocloser scrutiny (analysis of the entire social distribution and equity-e�ciencyissues are at stake). In Kranich [5], the axiom of Progressivity establishesthis requirement for any j < n+12 .
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AIN appears to have a very natural extension. We restrict the propertyto apply only to cases in which the alternatives added to the pair of agentsinvolved are equivalent with respect to the opportunity sets of the remainingindividuals.
Absence of Information in Non-Nested Pro�les (AINn): For all O 2 Ln,for all i; j 2 I such that Oi 6� Oj and Oj 6� Oi, and for all xi 62 Oi, xj 62 Oj,such that xi 2 Oj , xj 2 Oi and xi 2 Ok , xj 2 Ok for all k 2 (I n fi; jg),

(O1; : : : ; Oi [ fxig; : : : ; Oj; : : : ; On) � (O1; : : : ; Oi; : : : ; Oj [ fxjg; : : : ; On):
The extension of the axiom of Independence of Status Quo is the following:

Independence of Status Quo (ISQn): For all O;U 2 N and for all Ai; Bi 2(L [ ;) such that Ai � (Oi \ Ui), Bi \ (Oi [ Ui) = ; for all i 2 I andf(�; O); f(�; U) 2 Ln whenever
fj(�; O) 6� fi(�; O) and fj(�; U) 6� fi(�; U) for all j < i,

it must follow that O % U ) f(�; O) % f(�; U).
As in ISQ, ISQn requires some conditions in order to rank two equallymodi�ed pro�les as the original ones were ranked. These conditions are equiv-alent to those of the two-person case for every pair of agents. In particular,it is required that no pair of agents reverses its relative position according tothe partial inclusion ordering. In a very similar fashion, the weaker versionsof this property are extended.
Weak Independence of Status Quo (WISQn): For all O;U 2 N and forall Ai; Bi 2 (L [ ;) such that Ai � (Oi \ Ui), Bi \ (Oi [ Ui) = ; for all i 2 Iand f(�; O); f(�; U) 2 Ln whenever
fj(�; O) 6� fi(�; O) and fj(�; U) 6� fi(�; U) for all j < i

and
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(Oi \ Oj) n [fi(�; O) \ fj(�; O)] = (Ui \ Uj) n [fi(�; U) \ fj(�; U)] and[fi(�; O) \ fj(�; O)] n (Oi \ Oj) = [fi(�; U) \ fj(�; U)] n (Ui \ Uj), for alli; j 2 f1; : : : ; ng,
it must follow that O % U ) f(�; O) % f(�; U).

As in the case of two agents, WISQn requires stronger conditions thanISQn for a change not to modify the original ranking. For each pair of agents,the opportunities that have disappeared from their common set must be thesame in both pro�les and the same must occur with the new opportunitiesincorporated to their common set.
Weak Independence of Status Quo 2 (WISQ2n): For all O;U 2 N andfor all Ai; Bi 2 (L [ ;) such that Ai � (Oi \ Ui), Bi \ (Oi [ Ui) = ; for alli 2 I and f(�; O); f(�; U) 2 Ln whenever

jfj(�; O)j � jfi(�; O)j and jfj(�; U)j � jfi(�; U)j for all j < i,
it must follow that O % U ) f(�; O) % f(�; U).

In WISQ2n, the disadvantaged agent in a pair does not become the agentwith more alternatives in this pair after the change.
We conclude with an extra axiom. As we have noted, the �rst part ofthe Monotonicity axiom refers to the transfer property, i.e., the transfer ofone alternative from an advantaged individual to a more disadvantaged oneconstitutes a weak improvement. The following property requires the transferproperty to be applied consistently.
Consistency in Transfers (CTn): For all O 2 Ln, for all i; j 2 I such thatOi � Oj, and for all x; y 2 X such that x 2 (Oj nOi) and y 62 O[,

(O1; : : : ; Oi; : : : ; Oj [ fyg; : : : ; On) � (O1; : : : ; Oi [ fxg; : : : ; (Oj n fxg) [fyg; : : : ; On)) O � (O1; : : : ; Oi [ fxg; : : : ; Oj n fxg; : : : ; On).
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Suppose that there exists a pro�le for which the transfer of an alternativex from an advantaged individual j to a more disadvantaged one, i, is amatter of social indi�erence. Suppose also that the advantaged individual jhas an exclusive alternative y, i.e., an alternative not possessed by any otherindividual. If we remove this alternative y, making i and j less unequal, thesame transfer of x from j to i can not be a strict improvement.
Some further notation is required to formulate the results of this sec-tion. We denote Tk O = fx 2 X such that there exists K � I with jKj =k and x 2 Oi for all i 2 Kg. For example, TnO = O\ and T1O = O[. Wealso de�ne D = f(x1; : : : ; xn�1) 2 Rn�1 such that 1 � xi+1 � xi for all i 2f1; : : : ; n�2g and Pn�1i=1 xi � �1g. Consider the following natural extensionof the Sum of Opportunities property.

De�nition 4.1 A ranking % on Ln satis�es the Sum of Opportunities prop-erty when for all O;U 2 Ln, jO1j+ : : :+ jOnj > jU1j+ : : :+ jUnj ) O � U .
We will summarize all the results of this section in the following theorem.
Theorem 4.1 If %� Ln � Ln, then the following statements hold:

1. If % satis�es ANONn, ASMn, MONn and ISQn, then it also satis�esthe Sum of Opportunities property.
2. If % satis�es ANONn, ASMn, MONn, AINn, WISQn and CTn, thenthere exists ~
 2 D such that for all O;U 2 Ln,

jTnOj+ 
n�1 � jTn�1Oj+ : : :+ 
1 � jT1Oj >jTn U j+ 
n�1 � jTn�1 U j+ : : :+ 
1 � jT1 U j ) O � U .
3. If % satis�es ANONn, ASMn, MONn, AINn and WISQ2n, then it alsosatis�es the Sum of Opportunities property.
4. If % satis�es ANONn, ASMn, MONn and WISQ2n, then there exists~� 2 D such that for all O;U 2 Ln,
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jO�(n)j+ �n�1 � jO�(n�1)j+ : : :+ �1 � jO�(1)j >jU�(n)j+ �n�1 � jU�(n�1)j+ : : :+ �1 � jU�(1)j ) O � U .
Parts 1 and 3 are direct extensions of Theorems 3.1 and 3.3. Part 2 isa partial extension of the corresponding two-person result (Theorem 3.2), inwhich the new axiom of Consistency in Transfers is added. In the n�personversion of this result, a weighted sum of intersections across dimensions servesas the main indicator of the strict preference between distributions. Theseweights have to satisfy a monotonicity condition: those alternatives sharedby a larger number of individuals have a greater weight. Moreover, the sumof all weights must be non-negative (or, assuming that the weight of thedimension n is 1, the weights from dimensions 1 to n � 1 must be greaterthan or equal to �1).
Part 4 is a partial extension of Theorem 3.4. Pro�les are now rankedusing a weighted sum of the cardinalities of individual opportunity sets, or-dered precisely by the number of opportunities. These weights must satisfythe same restrictions as in part 2, re
ecting the social objective that the moredisadvantaged an individual is (with respect to the Cardinality-based Crite-rion), the more positive treatment should receive in social decisions. Thisclass of social rankings includes all the generalized Gini indexes of equalityof opportunities, a family characterized in Theorem 2 of Weymark [13] andthe generalized Gini social evaluation functions, a family characterized inTheorem 3 of Weymark [13].6
We have not presented total extensions of Theorems 3.2 and 3.4. Onepossibility would be to incorporate the Archimedean Di�erence Property ofKranich [5] and Weymark [13]. With this axiom, all the distributions withthe same weighted sum turn out to be indi�erent in both cases. In the case ofcardinalities, Weymark's criteria are the only ones to satisfy this additionalaxiom.
6The strict part of these two families behaves exactly as in our part 4 withPn�1i=1 �i =

�1 and Pn�1i=1 �i > �1, respectively.
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5 Concluding remarks
In this paper, we have considered the possibility of �nding absolute rankingsof opportunity distributions that focus exclusively on the goodness of a givenchange between two di�erent pro�les of opportunity sets. It strikes us assomewhat surprising that this literature is lacking in proposals that takeinto account the original position in society (the status quo) when judginga given change or policy. The �nding of relative proposals remains an openquestion in this literature.

In our results, we have observed an intimate relationship between a largegroup of apparently di�erent rankings. The main point of divergence amongthem involves two aspects. Firstly, their concern for the di�erent degreesof equity and e�ciency that apply in a distributive problem. This point iscaptured by parameters ~� and ~
 in our results. Secondly, the importanceof the underlying ranking of opportunity sets. The adoption of the lim-ited partial inclusion ranking as the only relevant information is restricting,unless we also have an interest in the common opportunities. The use ofthe Cardinality-based Criterion, in contrast, leads us directly to a family ofcompromise rankings.
Appendix: Proofs of the results
Given their similar structure, we provide a joint proof of all the theorems ofthe two-agent case.
Proof of the theorems of Section 3

We need the following lemmas.
Lemma 5.1 If % satis�es ANON, ASM and WISQ2, then O � (O1; (O2 nfxg) [ fyg) for all O 2 L2, x 2 O2, y 62 O2.
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Proof: We divide the proof into the following cases.
1. x 2 O1 and y 2 O1. First, if jO2j > 1, consider the pro�le (O1 nfxg; O2 n fxg) and applying ASM with y1 = x and y2 = y, we havethat O % (O1; (O2 n fxg) [ fyg). In a similar way starting with thepro�le (O1 n fyg; O2 n fxg), we can obtain (O1; (O2 n fxg) [ fyg) %O, and we arrive at the desired result. If jO2j = 1, by ASM, T =(fx; y; zg; fx; zg) � (fx; y; zg; fy; zg) = U with z 62 O[. Given thatf(fzg; O1nfx; yg; fzg; O2nfxg; T ) = O and f(fzg; O1nfx; yg; fzg; O2nfxg; U) = (O1; (O2 n fxg) [ fyg), applying WISQ2, we obtain O �(O1; (O2 n fxg) [ fyg).
2. x 2 O1 and y 62 O1. If jO1j � jO2j, with the previous pro�lesT; U 2 L2 we can obtain f(fy; zg; O1 n fxg; fzg; O2 n fxg; T ) = Oand f(fy; zg; O1 nfxg; fzg; O2 nfxg; U) = (O1; (O2 nfxg)[fyg). Then,given that T � U , applying WISQ2, we have that O � (O1; (O2 nfxg)[fyg). If jO1j < jO2j, consider the pro�les V = (fz; a; xg; (fz; ag)and W = (fz; a; yg; fz; ag), with a 62 O[. By case 1 we know thatV � (fz; a; xg; fz; xg). By ASM, (fz; a; xg; fz; xg) � (fz; a; yg; fz; yg).Similarly, by case 1, (fz; a; yg; fz; yg) � W . Therefore, transitivityguarantees V � W . Then, we also know that f(fz; ag; O2 n fxg; fz; ag;O1; V ) = (O2; O1) and f(fz; ag; O2 nfxg; fz; ag; O1;W ) = ((O2 nfxg)[fyg; O1). By WISQ2, (O2; O1) � ((O2 n fxg) [ fyg; O1). By ANON,O � (O2; O1) and ((O2 n fxg) [ fyg; O1) � (O1; (O2 n fxg) [ fyg). Bytransitivity, we arrive at the desired result.
3. x 62 O1 and y 2 O1. The proof in this case is dual to case 2.
4. x 62 O1 and y 62 O1. If O1 6� O2 there exists z 2 (O1 n O2) suchthat, applying case 3, O � (O1; (O2 n fxg) [ fzg). And, by case 2,(O1; (O2 n fxg)[ fzg) � (O1; (O2 n fxg)[ fyg). Hence, by transitivity,O � (O1; (O2 n fxg) [ fyg). If O1 � O2, let w 2 O1 and by case 2 andANON, we have that O � ((O1 n fwg)[ fyg; O2). By case 3, it follows
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that ((O1 n fwg) [ fyg; O2) � ((O1 n fwg) [ fyg; (O2 n fxg) [ fyg).Finally, by case 1 and ANON, ((O1 n fwg) [ fyg; (O2 n fxg) [ fyg) �(O1; (O2 n fxg) [ fyg). Applying transitivity, we conclude the proof.
�

Now, we de�ne Q = f(a; b) 2 N2 such that a � bg. With this de�nition,we can formulate the following lemma.
Lemma 5.2 If % satis�es ANON, ASM and WISQ2, then there exists acomplete preorder R over Q such that O % U if and only if (jO�(1)j; jO�(2)j)R(jU�(1)j; jU�(2)j).
Proof: We construct R as follows: for all (a; b); (c; d) 2 Q, (a; b)R (c; d) ,there exist O;U 2 L2 such that jO�(1)j = a; jO�(2)j = b; jU�(1)j = c; jU�(2)j =d and O % U . First, we show that R is well-de�ned. Given that % is acomplete preorder, it is su�cient to show that two pro�les V;W with the sameassociated vector (a; b) are indi�erent. By ANON, without loss of generality,jV1j = jW1j. By repeated applications of Lemma 5.1, it must be V � (V1;W2).By ANON, it follows that (V1;W2) � (W2; V1). Applying again Lemma5.1, we obtain (W2; V1) � (W2;W1). Finally, ANON and transitivity implyV � W . Transitivity and completeness of R can be deduced from theseproperties of %. �

For the rest of the lemmas, we de�ne the sets Q� = f(a; b) 2 [(N �
N�) n f(1; 0)g] such that a � bg and Q0 = f(a; b; c) 2 [(N�)3 n (N� � f0g �f0g)] such that a � bg.
Lemma 5.3 If % satis�es ANON, ASM, AIN and WISQ, then there existsa complete and transitive binary relation R0 over Q0 such that O % U if andonly if (jO�(1)nO�(2)j; jO�(2)nO�(1)j; jO\j)R0 (jU�(1)nU�(2)j; jU�(2)nU�(1)j; jU\j).
Proof: De�ne R0 in the following way: for all (a; b; c); (d; e; f) 2 Q0,let (a; b; c)R0 (d; e; f) if and only if there exist O;U 2 L2 with (jO�(1) n
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O�(2)j; jO�(2) n O�(1)j; jO\j) = (a; b; c), (jU�(1) n U�(2)j; jU�(2) n U�(1)j; jU\j) =(d; e; f) and O % U .
To see that R0 is well-de�ned, given that % is a complete preorder, it issu�cient to show that two pro�les V and W with the same associated vector(a; b; c) are indi�erent.
By ANON, without lost of generality, we suppose that jV2j � jV1j andjW2j � jW1j. First, consider b = 0. That is, V;W 2 N . Then, V =(V2 [ A; V2);W = (W2 [ B;W2) with jV2j = jW2j = c and jAj = jBj = a.Consider the following pro�les: V 0 = (V2 [ A [ fxg; V2 [ fxg) and W 0 =(W2 [ B [ fxg;W2 [ fxg), with x 62 (V [ [W[). By repeated applicationsof ASM, if necessary, starting with pro�le (A [ fxg; fxg) and transitivity itfollows that V 0 � (W2 [ A [ fxg;W2 [ fxg). If a = 0 or A = B, V 0 � W 0 .Otherwise, let M = (A [ fx; tg; fx; tg) and N = (B [ fx; tg; fx; tg) with t 62(V [[W[[fxg). Then, we have by ASM starting with pro�le (A[fxg; fxg)that M % (A [ fx; tg; fx; yg) with y 2 (A nB). Also, by ASM starting withpro�le ((A n fyg)[fx; tg; fxg), we have that (A[fx; tg; fx; yg) % (A n fyg[fx; t; zg; fx; tg) with z 2 (B nA). Repeating this process for all the alterna-tives in (AnB) and (BnA), it follows thatM % N . Similarly, N %M . Thus,M � N . Because f(ftg;W2; ftg;W2;M) = (W2 [ A [ fxg;W2 [ fxg) andf(ftg;W2; ftg;W2; N) = W 0 , and noticing that the conditions for WISQ hold,the application of WISQ implies (W2[A[fxg;W2) � W 0 . Transitivity guar-antees that, in any case, V 0 � W 0 . Then, given that f(fxg; ;; fxg; ;; V 0) = Vand f(fxg; ;; fxg; ;;W 0) = W and the conditions for WISQ hold, it must bethat V � W .
Second, let b 6= 0. If c = 0, assume without loss of generality that a > 1(otherwise, the application of ANON is enough to establish the result) and(V [\W[) = ;. Then, we construct the following pro�les: P = (V1[fxg; fxg)and Q = (W1 [ fxg; fxg), with x 62 (V [ [W[). We know, by the previousreasoning, that P � Q. Then, we have that f(fxg; ;; fxg; V2; P ) = V andf(fxg; ;; fxg; V2; Q) = (W1; V2). Given that the conditions of WISQ are
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satis�ed, we can establish that V � (W1; V2). Now, consider a set C � W1such that jCj = (a�b). Then, we can apply AIN (a�b) times in a convenientway to the starting pro�le (W1 n C; V2) to obtain, jointly with transitivity,that (W1 n C; V2 [ C) � (W1; V2). Then, we can apply the former reasoningto (W1 n C; V2 [ C) and we obtain (W1 n C; V2 [ C) � (W1 n C;W2 [ C).Applying AIN another (a� b) times to the starting pro�le (W1 n C;W2), weobtain (W1 nC;W2[C) � W . Transitivity guarantees that V � W . If c 6= 0,by ASM we have that V � ((V1 n V2) [W\; (V2 n V1) [W\). The rest of theproof follows a similar argument as in the case c = 0.
Transitivity and Completeness of R0 are obvious from the transitivity andcompleteness of % and the fact that every element in Q0 can be associatedwith some pro�le in L2. �

Lemma 5.4 If % satis�es ANON, ASM, AIN and WISQ, then there exists acomplete preorder R� over Q� such that O % U if and only if (jO[j; jO\j)R�(jU[j; jU\j).
Proof: De�ne R� by: (a; b)R� (c; d) if and only if there exist O;U 2 L2 with(jO[j; jO\j) = (a; b), (jU[j; jU\j) = (c; d) and O % U .

To see that R� is well-de�ned, given that % is a complete preorder, it issu�cient to show that two pro�les V and W with the same associated vector(a; b) are indi�erent. Without loss of generality, by Lemma 5.3 and ANON,we assume that V [ = W[, V \ = W\, V = �(V ), W = �(W ) and W1 � V1.If V = W , re
exivity applies. Otherwise, we have (V1 nW1) 6= ;.
First, suppose that V;W 62 N . If jV1j = 1, it must be that V = W ,and re
exivity guarantees that V � W . If jV1j > 1, consider the pro�le(V1 n fxg; V2) with x 2 (V1 n W1). By AIN, separately adding x to bothagents in this pro�le, we obtain V � (V1 n fxg; V2 [ fxg). Repeating thisprocess, and applying transitivity, we obtain V � W . Second, suppose thatV 2 N . Therefore, V \ is non-empty. Consider the pro�le V 0 = (V1 nfxg; V2)
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with x 2 V \. Select a 2 (V1 n V2). Because x 2 V 02 and a 2 V 01 we can applyAIN, obtaining V � (V1 n fxg; V2 [ fag). This new pro�le is not nested andthe former analysis holds. Transitivity then implies that V � W .
Transitivity and Completeness of R� are obvious from the transitivity andcompleteness of % and the fact that every element in Q� can be associatedwith some pro�le in L2. �

Lemma 5.2 ensures that if a criterion satis�es ANON, ASM and WISQ2,we can focus exclusively on (Q;R). In a similar way, when satisfying ANON,ASM, AIN and WISQ, Lemma 5.4 ensures that it is enough to work with(Q�; R�).We describe some properties on (Q;R) and (almost dual conditions) on(Q�; R�). The symmetric and asymmetric parts of R and R� are de�ned asusual. All of these properties are used in the proof of the theorem.
(1): (a+ 1; b+ 1)R (a; b) for all (a; b) 2 Q.
(2): (a; b+ 1)R (a+ 1; b) for all (a; b) 2 Q such that a 6= b.
(3): (a; b+ 1)P (a; b) for all (a; b) 2 Q such that a 6= b.
(4): For all e; f 2 Z and all (a; b); (c; d); (a+ e; b+ f); (c+ e; d+ f) 2 Q,

(a; b)R (c; d)) (a+ e; b+ f)R (c+ e; d+ f):
(1�): (a+ 1; b+ 1)R� (a; b) for all (a; b) 2 Q�.
(2�): (a+ 1; b+ 1)R� (a+ 2; b) for all (a; b) 2 Q�.
(3�): (a; b+ 1)P � (a; b) for all (a; b) 2 Q� such that a 6= b 6= 0.
(4�): For all e; f 2 Z and all (a; b); (c; d); (a+ e; b+ f); (c+ e; d+ f) 2 Q�such that b 6= 0 and d 6= 0,

(a; b)R� (c; d)) (a+ e; b+ f)R� (c+ e; d+ f):
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Given Lemma 5.2, we have that the axioms have the following implica-tions on (Q;R): ASM implies (1), MON implies (2) and (3), and WISQ2implies (4).In the same way, by Lemma 5.4, we have that some axioms of the theoremhave implications on (Q�; R�). They are the following: ASM implies (1�) and(2�), MON implies (3�) and WISQ implies (4�).
The design of the proofs is the following. We will start with Theorem3.4. The results concerning the Sum of Opportunities property (Theorems3.1 and 3.3) can be easily deduced from this theorem. Finally, we prove 3.2by analogy.
The following list of claims will help us to derive our �rst result.

Claim 5.1 If R satis�es (4), then for all (a; b); (c; d) 2 Q and all e; f 2 Zsuch that (a+ e; b+ f); (c+ e; d+ f) 2 Q, we have that
(a+ e; b+ f)R(a; b), (c+ e; d+ f)R(c; d).

Proof: Using the de�nition of (4), this claim is trivial. �

Therefore, we may establish a non-empty correspondence h : Z2 !fG;Bg such that for all (x1; x2) 2 Z2, we have that
G 2 h[(x1; x2)], (a+ x1; b+ x2)R (a; b) for all (a; b); (a+ x1; b+ x2) 2 QB 2 h[(x1; x2)], (a; b)R (a+ x1; b+ x2) for all (a; b); (a+ x1; b+ x2) 2 Q.7
Claim 5.2 If R satis�es (4), then for all (x1; x2) 2 Z2,

G 2 h[(x1; x2)], B 2 h[(�x1;�x2)].
Proof: Let (x1; x2) 2 Z2 be such that G 2 h[(x1; x2)]. That is, (a + x1; b +x2)R (a; b) for any (a; b) 2 Q. Then, by de�nition, B 2 h[(�x1;�x2)]. �

Hence, it is su�cient to consider the elements of (N� � Z) instead of Q.
7Completeness of R guarantees the non-emptyness of h, whereas the fact that X isin�nite ensures that h has a full domain. Notice, however, that h is not necessarilyuniquely-valued.
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Claim 5.3 If R satis�es (4), then for all (x1; x2) 2 (N� �Z) and all k 2 N,
h[(x1; x2)] = h[(kx1; kx2)].

Proof: First, select (a; b) 2 Q such that (a + kx1; b + kx2) 2 Q. Supposethat G 2 h[(x1; x2)]. That is, (a + x1; b + x2)R (a; b). Then, by Claim5.1 we can apply the same change to (a + x1; b + x2) and we have that(a + 2x1; b + 2x2)R (a + x1; b + x2) and, applying transitivity, we have that(a+2x1; b+2x2)R (a; b). Repeating this process, we have that (a+ kx1; b+kx2)R (a; b). Therefore, G 2 h[(kx1; kx2)].
Now, consider G 2 h[(kx1; kx2)] and suppose that G 62 h[(x1; x2)]. Then,by completeness, (a; b)P (a + x1; b + x2) and, applying Claim 5.1, (a +x1; b + x2)P (a + 2x1; b + 2x2). Following the same procedure as above andapplying transitivity, we conclude that (a; b)P (a + kx1; b + kx2). Thus,G 62 h[(kx1; kx2)], contradicting the assumption.
The proof is similar for B. �

Claim 5.4 If R satis�es (4), then for all (x1; x2); (y1; y2) 2 (N � Z) suchthat x2x1 = y2y1 , we have:
h[(x1; x2)] = h[(y1; y2)].

Proof: Let (x1; x2); (y1; y2) 2 (N�Z) be such that x2x1 = y2y1 and suppose thatG 2 h[(x1; x2)]. Then, x1 = pqy1 and x2 = pqy2, with p; q 2 N. Given thatG 2 h[(x1; x2)], we know by Claim 5.3 that G 2 h[(qx1; qx2)] = h[(py1; py2)].Applying Claim 5.3 to (y1; y2), we conclude that G 2 h[(y1; y2)]. The proofis similar for B. �

Claim 5.5 If R satis�es (3) and (4), then for all (x1; x2); (y1; y2) 2 (N�Z)such that x2x1 < y2y1 ,
G 2 h[(x1; x2)]) h[(y1; y2)] = fGg.
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Proof: Let (x1; x2); (y1; y2) 2 (N�Z) such that x2x1 < y2y1 and G 2 h[(x1; x2)].Then, by Claim 5.3, G 2 h[(y1x1; y1x2)]. Given that x2y1 < x1y2 and apply-ing (3) we have that h[(y1x1; y2x1)] = fGg. Then, applying Claim 5.3, wehave that h[(y1; y2)] = fGg. �

Claim 5.6 If R satis�es (3) and (4), then for all (x1; x2); (y1; y2) 2 (N�Z)such that x2x1 > y2y1 ,
B 2 h[(x1; x2)]) h[(y1; y2)] = fBg.

Proof: The proof is similar to that of Claim 5.5. �

Claim 5.7 If R satis�es (3) and (4), then there exists � 2 (R[f�1; +1g)such that for all (a; b); (c; d) 2 Q,
b+ � � a > d+ � � c) (a; b)P (c; d).

Proof: By the previous discussion, we can focus on (N� � Z). We have toprove that x2 + � � x1 > 0) h[(x1; x2)] = fGg.The re
exivity of R and (3) imply that G 2 h[(0; x2)] , x2 � 0 andB 2 h[(0; x2)] , x2 � 0, as desired. We now have to determine whichelements of (N� Z) map into G and B, respectively.
We de�ne in (R [ f�1;+1g) (with the usual order):
�G = inffx2x1 such that (x1; x2) 2 (N� Z) is such that G 2 h[(x1; x2)]g�B = supfx2x1 such that (x1; x2) 2 (N� Z) is such that B 2 h[(x1; x2)]g
We are going to prove that �G = �B. If �G > �B, we have that there exists(x1; x2) 2 (N � Z) such that �G > x2x1 > �B. Then, h[(x1; x2)] = ;, which isimpossible. If �G < �B, we select (x1; x2) 2 (N�Z) such that �G < x1x2 < �B.Then, by Claim 5.5, h[(x1; x2)] = fGg, and by Claim 5.6, h[(x1; x2)] = fBg,which is a contradiction. Therefore, �G = �B = ��. By Claim 5.5, for all(x1; x2) 2 (N� Z) such that x2x1 > ��, h[(x1; x2)] = fGg. Similarly, by Claim5.6, for all (x1; x2) 2 (N�Z) such that x2x1 < ��, h[(x1; x2)] = fBg. It is easy
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to see that the only way to implement these aspects of the ranking is the oneproposed by the claim, with � = ���. �

We prove that � 2 [�1; 1]. By (1), G 2 h[(1; 1)], implying that � � �1.By (2), G 2 h[(�1; 1)] and by Claim 5.2, B 2 h[(1;�1)], implying that� � 1.
Now, we proceed to complete the su�cient part of Theorem 3.4. Theprevious claims, with Lemma 5.2, determine the ranking to be a WeightedWelfare Criteria in all cases in which � is not rational (because Q is composedby natural numbers). If � is a rational number, we may have some pro�leswhose ranking has not yet been determined.In that case, there exist elements (x1; x2) 2 (N � Z) such that x2x1 = ��.We have, given Claim 5.4, that all these elements have the same image by h.Thus, we have three possibilities:
(a) For all (x1; x2) 2 (N� Z) such that x2x1 = ��, h[(x1; x2)] = fGg. Thiscase, with the results of Lemma 5.2, corresponds with the type 2 Weighted-Lexicographic Welfare Criterion with a value of � = ���.
(b) For all (x1; x2) 2 (N� Z) such that x2x1 = ��, h[(x1; x2)] = fBg. Thiscase, with the results of Lemma 5.2, corresponds with the type 1 Weighted-Lexicographic Welfare Criterion with a value of � = ���.
(c) For all (x1; x2) 2 (N � Z) such that x2x1 = ��, h[(x1; x2)] = fG;Bg.This case, given Lemma 5.2, corresponds with the WeightedWelfare Criterionwith a value of � = ���.
This concludes the su�cient part of the proof of Theorem 3.4. It isstraightforward to see that all involved rankings satisfy the axioms, thusconcluding the proof.
The proof of Theorem 3.1 follows easily from the previous characteriza-tion. Let O = (fx; y; zg; fx; yg) and U = (fx; y; z; wg; fxg). We have that for
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all � < 1, the Weighted Welfare Criterion and its lexicographic re�nementsrank O strictly over U . Consider the change in which the set A = fa1; a2; a3gis added to the disadvantaged individuals in both pro�les, being A\U[ = ;.These criteria rank (fx; y; z; wg; fxg [A) strictly over (fx; y; zg; fx; yg [A).This constitutes a violation of ISQ. However, it is obvious that for � = 1 theWeighted Welfare Criterion and its lexicographic re�nement satisfy the Sumof Opportunities. Therefore, any criterion satisfying ANON, ASM, MONand ISQ also satis�es the Sum of Opportunities property.8
Similarly, any ranking di�erent from the Weighted Welfare Criterion with� = 1 does not satisfy AIN, proving Theorem 3.3.9
By analogy with Theorem 3.4, the remaining result is straightforward.Given Lemma 5.4, we can focus on (Q�; R�) and we know that (1�), (2�),(3�) and (4�) hold. Although the domains Q and Q� are not completelyequal, it is easy to check that all the implications of (1), (2), (3) and (4)on (Q;R) are equivalent to those of (1�), (2�), (3�) and (4�) on (Q�; R�).This, joined with the fact that all the proposed rankings satisfy the axioms,concludes the proof of Theorem 3.2.

Proof of Proposition 3.1

Let x; y 2 X, with x 6= y. Consider the following rankings:
O �a U , ( O �
=1 U orO = (fxg; fyg) and U = (fyg; fxg):
O %b U , jO\j+ 1:5 � jO[j � jU\j+ 1:5 � jU[j.
O �c U for all O;U 2 L2.
O %d U , jO�(1) nO\j � jU�(1) n U\j.
8Since %�=1 and %1�=1 satisfy ISQ, the previous result is, indeed, a characterizationtheorem.9Since %�=1 satis�es AIN, the previous result is, indeed, a characterization theorem.
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O %e U , jO\jjO[j � jU\jjU[j .
Any of them satis�es all the axioms in part 1 of the proposition, but one.Rankings %a, %b, %c, %d and %e do not satisfy ANON, ASM, MON, AINand WISQ, respectively. Therefore, the proof of part 1 is completed.
Consider the following additional rankings:
O %f U , jO2j � jU2j.
O %g U , jO�(2)j � 1:5 � jO�(1)j � jU�(2)j � 1:5 � jU�(1)j.
As in the previous reasoning, rankings %f , %g, %c and %
=0 do not satisfyANON, ASM, MON and WISQ2, respectively, thus proving part 2.

Proof of Theorem 4.1

Because the strategy of the proof is similar to that of the theorems of Section3, we start by proving some parallel lemmas. We de�ne Q = f(x1; : : : ; xn) 2
Nn such that xi � xi+1 for all i 2 f1; : : : ; n � 1gg. We denote by ~1 theelement of Q such that all its elements are 1. That is, ~1 = (1; : : : ; 1).
Lemma 5.5 If % satis�es ANONn, ASMn and WISQ2n, then O � (O1;: : : ; (Oi n fxg) [ fyg; : : : ; On) for all O 2 Ln, i 2 f1; : : : ; ng, x 2 Oi andy 62 Oi.
Proof: By ANONn, we assume, without loss of generality, that the pro�leO is ordered using the cardinality ranking, in the sense that jOkj � jOk+1jfor all k 2 f1; : : : ; n� 1g. We divide the proof into the following cases:

1. If i = n, consider the pro�le U = (fa; xg; : : : ; fa; xg; fag) with a 62(O[ [ fyg). Then, applying ASMn to the pro�le U , we have that V =(fa; x; yg; : : : ; fa; x; yg; fa; yg) % (fa; x; yg; : : : ; fa; x; yg; fa; xg) = W .Following a similar reasoning starting with the pro�le (fa; yg; : : : ; fa;yg; fag), we have that W % V . Hence, V � W . Given that V;W 2 N ,we can apply WISQ2n and we have the desired result.
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2. If i = (n� 1), we divide the proof into two cases:
(a) If x 2 On, consider the pro�le U = (fa; xg; : : : ; fa; xg; fag; fag)with a 62 (O[ [ fyg). Then, applying ASMn to the pro�le U , wehave that V = (fa; x; yg; : : : ; fa; x; yg; fa; yg; fa; yg) % (fa; x; yg;: : : ; fa; x; yg; fa; xg; fa; xg) = W . Similarly, starting with the pro-�le (fa; yg; : : : ; fa; yg; fag; fag) we have that W % V . Hence,V � W . Given that V;W 2 N , WISQ2n implies that O �(O1; : : : ; On�2; (On�1 n fxg) [ fyg; (On n fxg) [ fyg). Now, wecan apply Case 1 and we have that (O1; : : : ; On�2; (On�1 n fxg) [fyg; (On n fxg) [ fyg) � (O1; : : : ; On�2; (On�1 n fxg) [ fyg; On).By transitivity, we have the desired result.(b) If x 62 On, we know by Case 1 that we can replace one alternativein On with x and the ranking remains invariant. Then, we canapply the same reasoning as in (a) to reach the desired conclusion.

3. If i < (n� 1), we follow the iterative procedure described in Case 2.
�

Lemma 5.6 If % satis�es ANONn, ASMn and WISQ2n, then there existsa complete preorder R over Q such that O % U if and only if (jO�(1)j; : : : ;jO�(n)j)R (jU�(1)j; : : : ; jU�(n)j).
Proof: We construct R as follows: for all ~a;~b 2 Q, ~aR~b , there existO;U 2 Ln such that (jO�(1)j; : : : ; jO�(n)j) = ~a, (jU�(1)j; : : : ; jU�(n)j) = ~b andO % U . The proof follows easily from Lemma 5.5 and ANON using anargument similar to that used to prove Lemma 5.2. �

Lemma 5.7 Let i; j 2 I. If % satis�es ANONn, AINn and CTn, if O 2 Ln issuch that Oi � Oj, and if there exist ŷ; ẑ 2 X such that ŷ 2 Oi, ẑ 2 (Oj nOi)and ŷ 2 Ok , ẑ 2 Ok for all k 2 (I n fi; jg), then for all x 62 Oj,
(O1; : : : ; Oi [ fxg; : : : ; Oj; : : : ; On) � (O1; : : : ; Oi; : : : ; Oj [ fxg; : : : ; On)
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Proof: We decompose the proof into two cases.
1. If jOj nOij > 1, consider the pro�le (O1; : : : ; Oi[fẑg; : : : ; Oj nfŷg; : : : ;On). Now, we apply AINn to this pro�le and we have that M =(O1; : : : ; Oi[fẑ; xg; : : : ; Oj nfŷg; : : : ; On) � (O1; : : : ; Oi[fẑg; : : : ; (Oj nfŷg)[fxg; : : : ; On) = N . Consider the pro�le (O1; : : : ; Oi[fxg; : : : ; Ojnfŷg; : : : ; On). Applying AINn to this pro�le, we g that M � (O1; : : : ;Oi[fxg; : : : ; Oj; : : : ; On). Now, consider the pro�le (O1; : : : ; Oi; : : : ; (Ojnfŷg) [ fxg; : : : ; On). Applying AINn to this pro�le, we have thatN � (O1; : : : ; Oi; : : : ; Oj [ fxg; : : : ; On). Applying transitivity, we con-clude that (O1; : : : ; Oi [ fxg; : : : ; Oj; : : : ; On) � (O1; : : : ; Oi; : : : ; Oj [fxg; : : : ; On).
2. If jOj nOij = 1, consider the pro�le (O1; : : : ; Oi; : : : ; Oj [ fwg; : : : ; On)with w 62 O[. Now, we can apply the former analysis and we havethat (O1; : : : ; Oi [ fxg; : : : ; Oj [ fwg; : : : ; On) � (O1; : : : ; Oi; : : : ; Oj [fx;wg; : : : ; On). Now, we apply CTn and we have that (O1; : : : ; Oi [fxg; : : : ; Oj; : : : ; On) � (O1; : : : ; Oi; : : : ; Oj [ fxg; : : : ; On).

�

Lemma 5.8 If % satis�es ANONn, AINn and CTn, then for all O 2 Ln, allx 62 O[ and all K;K 0 � I such that jKj = jK 0 j, we have that U � V , whereU is a pro�le in which the agents i 2 K have the set Oi [fxg and the agentsj 2 (I nK) have the set Oj and the pro�le V is a pro�le in which the agentsi 2 K 0 have the set Oi [ fxg and the agents j 2 (I nK 0) have the set Oj.
Proof: Note that the agents i 2 (K \K 0) have the alternative x and, hence,the same set of opportunities in U and V . Therefore, we focus on genericagents i 2 (K nK 0) and j 2 (K 0 nK). We will prove that it is a matter ofindi�erence to add an alternative x to i or to j.

If Oi 6� Oj and Oj 6� Oi, we can apply AINn to the pro�le O and thealternative x and we have that (O1; : : : ; Oi [ fxg; : : : ; On) � (O1; : : : ; Oj [fxg; : : : ; On).
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If Oi = Oj, ANONn implies the desired result.
If Oi � Oj, we select y 2 Oi and denote by Ty 2 (I n fig) the set ofindividuals that possess y. Then, we construct the pro�le W in the followingway: Wj = Oj [ fzg if j 2 Ty and Wj = Oj otherwise, where z 62 O[. Then,given the construction of the pro�le, we can apply Lemma 5.7 to W and wehave that (W1; : : : ;Wi [ fxg; : : : ;Wn) � (W1; : : : ;Wj [ fxg; : : : ;Wn). Now,applying CTn (eliminating z) we arrive in the desired result.
This procedure can be applied to any pair of individuals and the successivepro�les to obtain the lemma. �

Lemma 5.9 If % satis�es ANONn, ASMn, WISQn, AINn and CTn, thenfor all O 2 Ln, all K � I, all y 62 O[ and all x 2 X such that x 2 Oi for alli 2 K and x 62 Oj for all j 2 (I nK), we have that O � O0, where O0 is apro�le in which the agents i 2 K have the opportunity set ((Oi n fxg) [ fyg)and the agents j 2 (I nK) have the set Oj.
Proof: By ANONn, we assume, without loss of generality, that the pro�leO is ordered using the cardinality ranking, in the sense that jOkj � jOk+1jfor all k 2 f1; : : : ; ng. We divide the proof into the following cases:

1. If K = I, we know by ASMn that U = (fa; xg; fa; xg; : : : ; fa; xg) �(fa; yg; fa; yg; : : : ; fa; yg) = V , where a 62 (O[ [ fyg). Given thatU; V 2 N , WISQn implies that ((O1nfxg)[fyg; : : : ; (Onnfxg)[fyg) �O.
2. If jKj = jIj � 1, we divide the proof into two cases:

(a) If K = f2; : : : ; ng, consider the pro�le U = (fa; xg; fag; : : : ; fag),with a 62 (O[ [ fyg). We apply ASMn to the pro�le U and wehave that V = (fa; x; yg; fa; yg; : : : ; fa; yg) % (fa; x; yg; fa; xg;: : : ; fa; xg) = W . Similarly, by reversing the roles of x and yin the preceding argument, we have that W % V and, hence, by
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transitivity, V � W . Given that V;W 2 N , we can apply WISQnand we conclude that O � (O1; (O2 n fxg)[ fyg; : : : ; (On n fxg)[fyg).(b) If K 6= f2; : : : ; ng, we have that 1 2 K and there exists j 2f2; : : : ; ng such that j 62 K. If jO1j > 1, by Lemma 5.8, we havethat O � (O1 n fxg; O2; : : : ; Oj [fxg; : : : ; On) = W . Note that, inpro�le W , the alternative x is possessed only by the individualsin f2; : : : ; ng. Then, we can apply Case (a) to the pro�le W andwe have that W � W 0 , where W 0 is a pro�le such that W 01 =W1 = O1 n fxg, W 0j = (Wj n fxg) [ fyg = Oj [ fyg and W 0i =(Wi n fxg) [ fyg = (Oi n fxg) [ fyg for all i 62 f1; jg. Now, byLemma 5.8, W 0 � O0 . Hence, by transitivity, O � O0 .
If jO1j = jOjj = 1, we apply ANONn and we have that O � U ,where U is a pro�le such that U1 = Oj, Uj = O1 and Ui = Oi forall i 62 f1; jg. Then, in pro�le U , the alternative x is possessedonly by the individuals in f2; : : : ; ng. Then, we can apply Case 1and we have that U � (U1; (U2 n fxg)[fyg; : : : ; (Un n fxg)[fyg).Given that jU1j = j(Uj n fxg) [ fygj = 1, we have by ANONnthat (U1; (U2 n fxg) [ fyg; : : : ; (Un n fxg) [ fyg) � O0 . Hence, bytransitivity, O � O0 .
If jO1j = 1, but jOjj > 1, consider the pro�le V 2 Ln such thatVj = (Oj n fzg) and Vi = Oi for all i 6= j, where z 2 Oj. Then, byAINn, we have that V � V 0 , where V 01 = O1 [ fzg and V 0i = Oifor all i 6= 1. Then, we can apply AINn to V 0 and we have thatV 0 � V 00 , where V 001 = O1[fzg n fxg, V 00j = Oj n fxg and V 00i = Oifor all i 62 f1; jg. Then, we have that x is possessed in V 00 only bythe individuals in f2; : : : ; ng. Therefore, we can apply Case (a) toV 00 and substitute the alternative x by y in these individuals. Bya similar process of applications of AINn we arrive, jointly withtransitivity, at O � O0 .
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3. If jKj < jIj � 1, we can apply a similar reasoning to that of Case2. If K = fn + 1 � jKj; : : : ; ng we can apply ANONn and WISQn ina similar way to that of subcase (a) to obtain the desired result. If,however, K 6= fn+ 1� jKj; : : : ; ng, we can apply Lemma 5.8, ANONnand AINn as in subcase (b) to conclude the result.
�

For the following lemma, we need to de�ne the set Q� = f(x1; : : : ; xn) 2[N�(N�)n�1] such that xi � xi+1 for all i 2 f1; : : : ; n�1g and Pni=1 xi � ng.
Lemma 5.10 If % satis�es ANONn, ASMn, WISQn, AINn and CTn, thenthere exists a complete preorder R� over Q� such that O % U , (jT1Oj; jT2Oj; : : : ; jTnOj)R� (jT1 U j; jT2 U j; : : : ; jTn U j).
Proof: De�ne R� by:

(a1; : : : ; an)R� (b1; : : : ; bn) if and only if there exist O;U 2 L2 with(jT1Oj; jT2Oj; : : : ; jTnOj) = ~a, (jT1 U j; jT2 U j; : : : ; jTn U j) = ~b andO % U .
To see that R� is well-de�ned, given that % is a complete preorder, it issu�cient to show that two pro�les V;W 2 Ln with the same associatedvector ~c are indi�erent. This conclusion follows easily from Lemmas 5.8 and5.9.

Transitivity and Completeness of R� are obvious from the transitivity andcompleteness of % and the fact that every element in Q� can be associatedwith some pro�le in Ln. �

We have shown in Lemma 5.6 that if a ranking satis�es ANONn, ASMnand WISQ2n, then we can focus exclusively on (Q;R). In Lemma 5.10, wehave also shown that a ranking satisfying ANONn, ASMn, WISQn, AINnand CTn can be interpreted in terms of (Q�; R�). We are going to de�ne,similarly to the case of two agents, some properties on these domains.
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(1): (~a+~1)R~a for all ~a 2 Q.
(2): (a1; : : : ; ai; : : : ; aj +1; : : : ; an)R (a1; : : : ; ai+1; : : : ; aj; : : : ; an) for all~a 2 Q and i < j.
(3): (a1; : : : ; an�1; an + 1)P ~a for all ~a 2 Q such that an�1 6= an.
(4): For all ~c 2 Zn and all ~a;~b; (~a+ ~c); (~b+ ~c) 2 Q,

~aR~b) (~a+ ~c)R (~b+ ~c):
(1�): (~a+~1)R�~a for all ~a 2 Q�.
(2�): (~a+~1)R� (~a+~k), for all ~a 2 Q�, ~k 2 (N�)n such that (~a+~k) 2 Q�,Pti=1 ki � t for all t 2 I and Pni=1 ki = n.
(3�): (a1; : : : ; an�1; an + 1)P �~a, for all ~a 2 Q� such that an 6= 0 andan�1 6= an.
(4�): For all ~c 2 Zn and all ~a;~b; (~a + ~c); (~b + ~c) 2 Q� such that an 6= 0and bn 6= 0, ~aR�~b) (~a+ ~c)R� (~b+ ~c):
As in the two-agent case, given Lemma 5.6, we have that the axioms havethe following implications on (Q;R): ASMn implies (1), MONn implies (2)and (3), and WISQ2n implies (4).In the same way, given Lemma 5.10, we have that some axioms of thetheorem have some implications on (Q�; R�). They are the following: ASMnimplies (1�) and (2�), MONn implies (3�) and WISQn implies (4�).
The following claims will be crucial for the rest of the proofs.

Claim 5.8 If R satis�es (4), then for all ~c 2 Zn and all ~a;~b; (~a+~c); (~b+~c) 2Q, ~aR~b, (~a+ ~c)R (~b+ ~c):
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Proof: Using the de�nition of (4), this claim is trivial. �

Claim 5.9 If R satis�es (1), (2), (3) and (4) and i 2 (I n fng), then for all~x; ~y 2 Q such that xj = yj for all j 2 (I n fi; ng), we have that there exists�i 2 R such that xn + �i � xi > yn + �i � yi ) ~xP~y
Proof: Properties (3) and (4) for the cases in which all of the elements ofthe vectors are equal except two, one of them being the last component (thecase proposed in the claim), are equivalent to conditions (3) and (4) of thecase of two agents. Then, we can apply Claim 5.7 and we have that thereexists �i 2 (R [ f�1;+1g) such that the inequality in the statement ofour claim is true. Now, by (2) we have that �i � 1 and, therefore, �i 6= +1.We also know from (1) that (~x + ~1)R~x. Given (2), we can deduce that(x1; : : : ; xi + 1; : : : ; xn + n� 1)R~x. Therefore, �i 6= �1. �

On the basis of the previous claim, we can obtain, for all i 2 (I n fng)a real value �i. We will show that these values constitute the weights towhich part 4 of our theorem refers. Let two vectors ~x; ~y 2 Q be such thatxn+Pn�1i=1 �ixi > yn+Pn�1i=1 �iyi. We need to prove that ~xP~y. To do so, wedivide the proof into the following cases:
1. ~x and ~y have at most one di�erence in the �rst (n � 1) components.That is, xj = yj for all j 2 (I nfi; ng). Then, Claim 5.9 constitutes theproof.10
2. ~x and ~y have only two di�erent components in the (n� 1) �rst valuesof the vectors, i; j 2 f1; : : : ; n � 1g. Then, we select ~k 2 Q such thatki = 2(n�i) � k, with k 2 N. Let ~x 0 ; ~y 0 2 Q such that ~x 0 = ~x + ~k and~y 0 = ~y+~k. Then, by (4) we know that ~xR~y , ~x 0R~y 0 . Now, considerthe following sets:

10We obviously need to add to both parts of the inequality the same (�nite) valueobtained computing the weighted sum of the other components. These partial sums areequal in both vectors.
42



L(~x; ~y;~k) = f ~a(t) 2 Q with t 2 N� such that ~a(t) = ~x 0 + t(~x 0 � ~y 0)g.
M(~x; ~y;~k) = f ~b(t) 2 Q with t 2 N� such that b(t)l = y0l for alll 2 (I n fi; ng), b(t)i = a(t)i andb(t)n = minfwn 2 N subject to wn + �ib(t)i > y0n + �iy0igg.

It is easy to see that when for some t1 2 N�, ~a(t1) 2 Q, then ~a(t) 2 Qfor all t 2 N� such that t < t1. In the same way, if ~b(t2) 2 Q for somet2 2 N, then ~b(t) 2 Q for all t 2 N� such that t < t2.
Note that, selecting the appropriate k 2 N, we can increase the cardi-nality of L(~x; ~y;~k) and M(~x; ~y;~k) as we need.
Noting that ~a(t) = ~x 0 + t(~x 0 � ~y 0) and ~a(t�1) = ~y 0 + t(~x 0 � ~y 0), then byClaim 5.8 we have that ~x 0 R~y 0 , ~a(t)R ~a(t�1) for all t 2 N. Because Ris a complete preorder, we have that ~x 0 R~y 0 , ~a(t)R~y 0 for all t 2 N�.
We have that for all ~b(t) 2 M(~x; ~y;~k), ~b(t) and ~y 0 have only one of the�rst (n � 1) components di�erent (component i). Therefore, we canapply Case 1 and we have that ~b(t) P ~y 0 . Note that each ~a(t) 2 L(~x; ~y;~k)and its corresponding ~b(t) 2 M(~x; ~y;~k) only di�ers in one of the �rst(n� 1) components (component j). By de�nition, we know that

(a(t)n +Pn�1i=1 �i � a(t)i )� (y0n +Pn�1i=1 �i � y0i) =t � �(x0n +Pn�1i=1 �i � x0i)� (y0n +Pn�1i=1 �i � y0i)�.
Then, this di�erence between the weighted sums of ~a(t) and ~y 0 is in-creasing with t and there is no limit in the value of this di�erence.However, we have that there exists t0 2 N� such that for all t 2 N suchthat t > t0 ,

(b(t)n + n�1X
i=1 �i � b(t)i )� (y0n + n�1X

i=1 �i � y0i) � 1:11
11Remember that the existence of t0 is guaranteed by selecting a su�ciently high k 2 N.
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Then, there exist values of t 2 N such that
a(t)n + n�1X

i=1 �i � a(t)i > b(t)n + n�1X
i=1 �i � b(t)i :

Therefore, for these values of t, ~a(t) P ~b(t), and, by transitivity, ~a(t) P ~y 0 .
Then, given that there exists t 2 N such that ~a(t) P ~y 0 , we have that~x 0 P ~y 0 . Thus, ~xP ~y.

3. The proof in the cases in which there are more than two di�erences inthe (n � 1) �rst components of the vectors follows a similar iterativeprocedure as in the case of two di�erences.
We thus have that xn +Pn�1i=1 �ixi > yn +Pn�1i=1 �iyi ) ~xP~y. Finally,we also know by (1) that Pn�1i=1 �i � �1, and by (2) that �i � �i+1 � 1for all i 2 f1; : : : ; n � 2g. Therefore, ~� 2 D. The application of Lemma 5.6concludes the proof of part 4.
As in the two-agent case, parts 1 and 3 clearly follow from the inspectionof the rankings satisfying the extra conditions. Similarly, part 2 can bederived by analogy to part 2, as in the two-agent case.
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