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Abstract

The article analyzes a non-cooperative game in strategic form, where each player’s payoff
depends on his action and his social status, which is given by his rank-order in the actions
distribution. It examines the relationship between the degree of heterogeneity among status-
seeking players and the distribution of their Nash equilibrium actions. The approach stands out
because it does not use the heuristic assumption of a continuum of players. The latter is usual
in the literature on status, although it is hard to reconcile with the widely accepted view that
people’s sensitivity to status is particularly relevant in small local environments. Our finding
of different types of Nash equilibria brings forward that the role of social status can integrate
both economic and sociological explanations of human behaviour. Basically, if differences among
players are large, their equilibrium actions diverge; if differences are small, their equilibrium
actions are the same. The article also shades the well-known claim that status seeking is socially
inefficient by examining the Pareto efficiency of Nash equilibria. Finally, its key results are
illustrated with a brief discussion of the impact of status seeking on savings behaviour.
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Equilibrium social hierarchies:
a non-cooperative ordinal status game

1 Introduction

Over the last decades, a new literature on modelling consumer behaviour has emerged that
stresses the links between individual choices. One series of studies explores the notion that,
in many areas, individuals care for their relative position in the consumption or income hier-
archy. It brings forward a diversity of results that challenge orthododox economic thinking,
such as the relativity of economic growth for happiness (Hirsch, 1976; Easterlin, 2001; Layard,
2005), the tendency to overconsume and to neglect saving (Duesenberry, 1949; Frank, 1985b;
Corneo and Jeanne, 1998), and the formation of class structure (Akerlof, 1997; Oxoby, 2003,
2004).! Although an innate desire for relative position, or status, is seen by some economists
as inconsistent with rational self-interest, most agree that having high relative standing is often
instrumental in achieving absolute goals.? Thus relative position may be an important argument
in the reduced-form utility function.

The article addresses an elementary question that, to some surprise, has not been analysed
thoroughly. It is concerned with the relation between the heterogeneity of status-seeking con-
sumers and the distribution of their actions. For example, if consumers differ only with respect to
income: what is the relationship between the income distribution and the distribution of status
consumption goods? The problem is essentially game-theoretic. When every person’s utility de-
pends on how his action compares with the actions of other people, the choice of action becomes
strategic, because everyone must anticipate the behaviour of the others in making his optimal
decision. Here the literature usually assumes that each person chooses his optimal action, given
the actions of all the others. For answering our question, it is therefore natural to resort to Nash
equilibrium analysis.

The role of heterogeneity in situations where relative position matters requires to be more
fully elucidated. Many studies that deal with the status seeking phenomon assume that all
individuals are identical (e.g., Congleton, 1989; Akerlof, 1997; Corneo and Jeanne, 1998). They
produce the result that, although ex ante individuals wish to perform better than others, ez post
their actions turn out to be the same. This outcome is not very satisfactory, since it is difficult
to see why individuals would continue to strive for a higher place in the hierarchy if they never
observed such a hierarchy in practice. Studies that do assume individual differences, and so
(often implicitly) address the relation between consumer heterogeneity and status consumption
pattern, follow a partial-equilibrium approach (e.g., Layard, 1980; Frank, 1985b; Clark and
Oswald, 1998), and thus run the risk that the generated distribution of actions differs from the
hypothesized distribution upon which individuals base their actions. Moreover, they tend to
ignore the possibility of multiple equilibrium distributions. It is true that the presumption that
a unique equilibrium exists is warranted for those studies that employ a measure of status that
accounts for the actions of other people by taking simply their arithmetic mean. In principle,

LA classic is Veblen (1899), though the interest in relative position has an even longer history in economics (see
e.g. Mason, 1998). More formal analyses appear with Morgenstern (1948), Duesenberry (1949), and Leibenstein
(1950). For empirical evidence, see e.g. Solnick and Hemenway (1998), Ball et al. (2001), and Luttmer (2005).
Probably the most comprehensive study is Robert Frank’s Choosing the Right Pond (1985a).

2For example, higher relative standing may give access to better jobs and education. Frank (1985a) gives
evidence of both innate desires for status and status-dependent opportunities (see also Hirsch, 1976, and Konrad,
1990). Postlewaite (1998) provides a methodological discussion on this point.



we then have an aggregative game, which under general conditions guarantees the existence of a
unique Nash equilibrium (see e.g. Corchén, 2001). Yet we will argue that the empirical relevance
of this measure of status is debatable. It implies, for example, that the gain in status for a person
who improves his action is independent of the number of people he outstrips.

The approach taken here is most close to the seminal article of Frank (1985b) and the more
recent contributions of Hopkins and Kornienko (2004a, 2004b). We follow these authors by
adopting essentially the same ordinal measure of social status: a person’s status is determined
by the fraction of people who take an equal or lower social action than him.> However, we take a
separate road in two respects. We give up the heuristic assumption of a continuous distribution
of preference (or income) characteristics and thus an uncountably infinite number of agents.
Although utterly unrealistic — there are not as many people in the world as there are points on a
line, a continuum of agents — the continuity assumption is often mathematically convenient and
very helpful in studying concepts like the “atomless” competitive market, where individual agents
have no “mass”. Our point is, however, that status seekers resemble much more the suppliers
in an oligopolistic market, who do have mass. As cogently argued by Frank (1985a), people’s
sensitivity to social rank is particularly relevant in small local environments (e.g., among friends,
relatives, colleagues, club members, or neighbours), so the size of a person’s reference group is
essentially limited.*

Our second point of departure relates to the nature of the studied equilibria. Since we
assume that status is given by the fraction of people who take an equal or lower action, status is
measured by way of a cumulative distribution function. The cited works of Frank and Hopkins
and Kornienko, which employ such functions, ignore the fact that the resulting equilibrium
distribution of actions is generally not unique.” One of our aims is to investigate the existence
and uniqueness of equilibrium distributions of actions. We define a simple non-cooperative
game in strategic form, where each player has a payoff function with two arguments: his action
and his social status (as specified above). Differences among players may induce allocations
with a distribution of actions and thus a distribution of social ranks, and the question is how
this relationship exactly looks like. To that end, we study the Nash equilibria of the game;
the associated distributions of social ranks can be considered as equilibrium social ladders or
equilibrium social hierarchies.

Allocating the players to homogeneity classes, we identify two types of Nash equilibria: “fully
diverse equilibria”, where members of different classes take different actions, and “clustering
equilibria”, where the members of two or more classes take the same action. Whereas the
literature only pays attention to fully diverse equilibria, it is the finding of clustering equilibria
that is really special. It is at odds with the economic literature on status seeking, and even
more so with the standard economic model. Where the latter typically implies that people with
divergent preferences or opportunities act differently, we find that — if they care for status and
are able to alter it — people may actually choose to do the same thing. Perhaps this is indeed
the typical manifestation of status seeking: people imitating the status consumption pattern of
those with higher incomes. It anyhow agrees with basic sociological notions that emphasize the
uniformity of human behaviour. Note that our finding is not based on some kind of conformism,
that is, on the assumption that people wish to conform to other people’s actions (see, e.g., Jones,

3Similar measures are employed by e.g. Layard (1980), Kosicky (1987), Robson (1992), Loch et al. (2000), and
Corneo and Jeanne (2001).

4Neumark and Postlewaite (1998) find strong evidence that, because of relative income concerns, women’s
decisions to work are positively related to their sisters’ employment decisions. Specifically, women whose sisters
were employed in the previous year are about 10 to 15 percent more likely to work than those whose sisters did
not work, for sisters living near by to one another.

5Hopkins and Kornienko (2004a, 2004b) seem to be aware of this, but restrict their attention to what they call
symmetric equilibria (our “fully diverse equilibria” — see below).



1984, and Akerlof, 1997), but on the contrary assumes that people try to distance themselves from
the actions of others. Moreover, we will show that uniform behaviour only arises if the underlying
differences among people are small. In this sense, the existence of clustering equilibria captures
basic elements from both economics and sociology.

A major reason why economists are interested in the phenomenon of status seeking arises from
the claim that it is not socially efficient. The idea is that if the actions of people are motivated
by social comparisons, the resulting equilibrium will be inherently sub-optimal because people
ignore the externalities their actions create with respect to the relative standings of others.® As a
potential correction for the externality, some authors have considered consumption taxes, income
distribution policies, and institutional reforms (Layard, 1980, 2005; Frank, 1985a, 1997; Schor,
1998; Hopkins et al., 2004a). We take up this subject and examine the Pareto efficiency of the two
mentioned types of Nash equilibria. Our conclusion is that the asserted sub-optimality of status
seeking does not hold in a number of important cases. For example, if consumers are sufficiently
heterogeneous, which is not unlikely if their reference group is relatively small, there exists a
Nash equilibrium that is unique, fully diverse, and Pareto efficient. The principle argument is
that by dropping the continuity assumption, the possibility arises that a consumer can alter his
action without surpassing any other higher-ranked individual and thus without improving his
social status, so that the costs of changing his action beyond the socially optimal level may be
prohibitive. None the less we also find that the “sociological” clustering equilibria are generally
not Pareto efficient.

Most of our key results will be illustrated with a brief discussion of the impact of status seeking
on savings behaviour. Following in the footsteps of Duesenberry (1949), Frank (1985b) argues
that consumers demand more status-enhancing or positional goods and fewer non-positional
goods, as compared with a situation where they cannot alter their status. Because “savings”
may be regarded as a non-positional good, status seeking thus reduces the consumer’s average
propensity to save. This effect is strongest for low-income consumers, so saving rates are not only
lower across all income levels but also fall when moving to the lower tail of the income distribution.
The latter agrees with the observed positive correlation between saving rates and income —
something that is hard to reconcile with the Life-Cycle/Permanent-Income Hypothesis (cf. Dynan
et al.,2004). We verify these two effects on saving rates, and find that Frank’s assertions are
particularly relevant for clustering equilibria. This configuration of equilibria indeed shows lower
saving rates across the board and, within clusters of income classes, a positive relationship
between saving rates and income.

The organization of the article is as follows. Section 2 starts with some background for our
modelling of social status and then specifies the status game and introduces the basic assump-
tions, definitions, and terminology. It also presents an illustration of the game. Section 3 studies
the status game with only two players. This limited setting already exhibits a number of features
that characterize the general case of an arbitrary number of players. Section 4 contains the cen-
tral results of the article. Because the discontinuities of the payoff functions are “bad”, standard
existence results from the literature cannot be applied, and therefore the analysis is carried out
almost completely from scratch. Section 5 illustrates our main findings with a brief discussion of
the impact of status seeking on savings behaviour. Section 6 concludes and suggests extensions.

6The externalities are not always limited to the members of the reference group (the players of the game).
Congleton (1989) elaborates the point that status seeking activities may harm but also benefit individuals who
are not involved (think of e.g. the players and the spectators of a football match).



2 An ordinal status game

As introduction, consider this simple setting with status seeking. Person i chooses a single
observable action z* of some economic or social kind to maximize (reduced-form) utility:

wi(a', ') (1)

given a status production function: ' o
Sl — SZ(:L,'L’XZ) (2)

where s’ refers to his social status and x’ is the vector of actions of all other people. Utility is
influenced directly as well as indirectly. Loosely speaking, the action yields the normal intrinsic
benefits and, via the status production function, it also generates status by establishing a certain
position in the social hierarchy. People may differ in their subjective valuation of intrinsic gains
and social status.” As usual in this literature, each person chooses his utility-maximizing action,
given the actions of all the others.®

The status production functions need, of course, further specification. Just to fix ideas, let us
suppose that status is earned by higher rather than lower actions. To capture the phenomenon of
status seeking, at least in an ez ante sense, it is then natural to require that s*(z%; x") is increasing
in 2 and decreasing in each component of x*. Thus, if person 4 increases his action or if one
or more others decrease their actions, he may move upward in the social hierarchy and acquire
more status. One additional assumption is often implicitly made for convenience, although it is
not always unrealistic: s'(z%;x') = s/ (27;x7) if ' = 27. So, two people i and j have the same
status if they take the same action. It implies that the impact of other people is independent of
who does what and who is affected, so that everyone is of equal social importance.

At this point, the formal literature takes two different paths with respect to the measurement
of status. A “cardinal” measure of status is employed by studies that relate individual actions
to some standard, often an average of other people’s actions.” It agrees with the idea that
status depends on a linear combination of the social differences 2' — 27, or on a multiplicative
combination of the social ratio’s ;—: For examplej the status of person 7 is continuous and strictly
increasing in » (2" —27) and thus also in z° — z°, where z* is the arithmetic mean of the actions
of the others.!°

Relating individual actions to some average action, as in the example, has three features.
First, moving closer to the action of a higher-status person, without matching his action, still
raises one’s status. Second, whether or not to match or to surpass the action of a higher-
status person is a marginal decision. And third, the spread of other people’s actions around the
average plays no role. Particularly the last two features are probably too special. In small local
environments, where people tend to engage in face-to-face contacts and have a name, it is likely
that a person who surpasses someone else experiences a jump rather than a marginal increase

"The precise shape of a person’s status production function is exogenous for him; in reality, what gains status
and by how much are the collective product of people’s social valuations of each other. Although someone may try
to change his preference for status, perhaps by psycho therapy, he is not able to change the collectively determined
status production function (unless he is seen as trendsetter).

8The setting considered here does not address the signaling approach to status seeking, which generally assumes
that a person’s status depends on his absolute rather than relative level of signaling investments (see e.g. Frank,
1985b; Ireland, 1994; Bagwell and Bernheim, 1996).

9Examples are Duesenberry (1949), Boskin and Sheshinsky (1978), Layard (1980), Congleton (1989), Clark
and Oswald (1998), and Oxoby (2003, 2004).

10This approach leads to (Cournot-like) aggregative games, for which there are well-established results about
existence and uniqueness of Nash equilibria (see e.g. Corchén, 2001). Also note that a similar example for the

social ratio’s % uses the geometric mean (this clearly ignores the possibility that one or more agents take no
x

action (x7 = 0)).



in his social status. Typically the status production function s’ is then discontinuous in z’ at
each component of the vector x’. The third characteristic produces the unlikely outcome that
the gain in status for a person who raises his action is independent of the number of people he
outstrips. For suppose that, in the preceding example, person i increases his action from z* to
2" + 2. If he goes from (say) 10 to 12, his gain in case one half of the others chooses 5 and the
other half 15, is exactly the same as in case one half of the others chooses 9 and the other half
11. However, in the latter case he surpasses one half of the people and even leaves everybody
behind.

These peculiarities are avoided when status is measured in an “ordinal” way. Status seeking
is then like racing: the winner has only to be faster than the person coming in second; nothing
is gained by increasing his lead. An ordinal measure is perhaps also closer to the sociological
literature, where status generally refers to rank-ordered relationships among people, as exempli-
fied by the metaphor “social ladder” (see, e.g., Ridgeway and Walker, 1995). Studies that follow
this path relate individual actions to the cumulative distribution of other people’s actions.'!
In particular, the status of person i depends negatively on the fraction of people with strictly
greater actions: _ '

#li #1100 > '} 5

N -1
where # means “the number of elements of” and N is the total number of people. It agrees with
the notion that people tend to look upward, rather than downward, when making comparisons.'?

Although cardinal differences in social actions may have an impact in many occasions,'?
we think that ordinal differences always play a role and, therefore, the measurement of status
requires at least an ordinal dimension. Therefore, the article examines the maximization of (1)
for the ordinal status production function:

C#i A >y #{j Al <af)
N-1 o N-1 ‘

si(ahx) =1 (4)
Thus we assume that a person’s status is simply equal to the fraction of people he leaves behind
plus those who are on a par with him. Basic assumptions, definitions, and terminology of the
game are introduced in Section 2.1. Here we also derive some preliminary results that will prove
useful in the subsequent analysis. An illustration of the game is given in Section 2.2.

2.1 The game

For a given integer N > 2, let N := {1,...,N} and Q := {q1,...,qn}, where ¢; := =% (i € ).
The foregoing suggests the following non-cooperative game:

Definition 1 An (ordinal) status game is a game in strategic form with N > 2 players where
each player i € N has

e action set X' := [0, L], where L' > 0; and

I Examples are more scarce, but include Layard (1980), Frank (1985b), Kosicki (1987), Robson (1992), Loch
et al. (2000), Corneo and Jeanne (2001), Hopkins and Kornienko (2004a, 2004b). They all assume an infinity of
agents, whose characteristics are continuously distributed in a measure space. As argued in the Introduction, the
continuity assumption is problematic for the study of status seeking.

I2That people look upward seems well-established (see, e.g., Duesenberry, 1949, or Frank, 1985a). The same
observation underlies the welfare-economic notion of envy (Varian, 1974).

I3 A cardinal measure may be incorporated by using the difference between action z* and the truncated mean
of all the higher actions.



o a payoff function v' : X — R given by

ivon i I e M) |27 <a')
v'(x) == u' (2, N1

) ()

where X : = Xt x - x XN, x = (2},...,2Y), and the function u' : X' x Q — R is
continuous and strictly quasi-concave in the first variable and strictly increasing in the
second variable. Moreover, the function u’ is such that'*

maxu’(-,0) > u' (L', 1). o (6)

The assumptions of the game are quite general and, in particular, do not require that u* is
differentiable in the action variable (the first one). Also, the status variable (the second one) is
discrete: given the actions of the others, a higher action of player ¢ that matches or surpasses
the action level of one or more other players raises his status level (with a jump). Condition (6)
seems special, but is only made for the sake of relevance. Before showing this, it is convenient
to look for strongly dominated strategies.

Let #%(s) denote the unique maximizer of the function u(-,s) (i € N and s € Q).'> Then,
for each status level s € @, the function u’(-, s) is strictly increasing on the segment [0, 2%(s)]
and strictly decreasing on the segment [2(s), L’]. Now suppose player i takes action 2 < min £
and fix the actions of the other players. Then z is strongly dominated by min &, since raising
his action to min#? would always yield a higher payoff, even when his status level would not
increase. There is also an upper bound. We can define (since the set is compact and non-empty)

I’ = max{z’ € X' | ui(z,1) > u(2(0),0)}. (7)

Note that 0 < minz’ < 2%(0) < maxd® < I < L'. Then any action = > s strongly
dominated by £%(0), because, whatever the other players’ actions x’ are, we find v*(z;x’) <
ul(z, 1) < u'(24(0), 0). Here u%(£%(0),0) is clearly the payoff player i can always secure. In sum,

actions min 2% and L' border his relevant action set:
Proposition 2 Each action x* of player i with ' < min2* or 2* > I'is strongly dominated. <

Now we can explain the significance of condition (6) with the following lemma (the lemmas
are proved in Appendix A):

Lemma 3 Condition (6) implies
(i) w'(L', 1) = u'((0), 0);
(ii) #(s) < L' (s€Q). o

So the condition ensures that, for all s € @, the function u’(-, 8) is strictly decreasing on a non-

degenerate segment [fci(s),fz] that is, moreover, large enough to make the game economically
interesting. The condition essentially says that, given the actions of the others, each player
eventually faces a trade-off between attaining a higher social position and gathering more intrinsic
benefits. For instance, holding the actions of the others constant, suppose player ¢ increases his
action from z to 2’ > x, improving his status level from s to s’ > s. The change in payoff follows
as u'(x',s") — ut(w,s) = [ut(x’,s") — u'(a’,s)] + [u'(z', 8) — u'(w,s)]. The first term in brackets

14Gee the next footnote.
15 A maximizer exists and is unique, since u’(-,s) is continuous and strictly quasi-concave on a non-empty
compact subset of R.



relates to the gain in status and the second term to the loss in intrinsic benefits, provided that
x> #'(s). Of course, the trade-off ceases to be relevant when 2/ > L' (recall L' < L?).

Besides the function !, the analysis of the game employs two other basic functions. Given
a,b € Q with a < b, there exists for each player i € N a unique z‘(b,a) € [2°(b), L?) such that

u' (7' (b, a),0) = u'(i'(a), a)

(see Figure 1). To see that Z° is well-defined, note that u?(2%(b), b) > u’(2*(a),a) and, by virtue of
(6), u'(L%,b) < ui(L'1) < u'(£%(0),0) < u'(2(a),a) and that u’(-,b) is continuous and strictly
decreasing on [2¢(b), L]. The following properties of #! can also be verified with the help of
Figure 1:

Lemma 4 For each player i € N, it holds
(i) a =b= 3 (b,a) = 2'(b) = (a) (b€ Q);
(ii) a < b= z(b,a) > max{i*(a),2'(b)} (a,b € Q);

(iii) T is strictly increasing in its first variable'® and strictly decreasing in its second variable.

The third basic function is more general and contains Z* as a special case. It is particularly
useful when we study games with three or more players. Let

Vi=13'(s),7°(5,0)] (s€Q) (8)

and note that, because z'(s,0) < z¢(1,0) = fi, it holds UseqVy C [mini‘i,fi]. We call V! the
V-set of player i. Given a,b € Q with a < b and y € V!, there exists for each player i € A a
unique z', (b, a,y) € V;/ such that

' (:f:- (b7 a, y), b) = ui(ya a)

(see Figure 2).!” Note that z (b,a,y) = z'(b,a) if y = 2"(a). Some other important properties
are stated below.

Lemma 5 For each player i € N, it holds

(i)a:bé"ffh(b’avy):y(bGQayGX/bi); )

(ii) a < b= &% (b a,y) > max(y,#(b)} (a.b € Quy € Vi);

(iii) ¢ < a < b= 7' (b,a,z(a,c)) = (b, ¢) (a,b,c € Q);

(iv) :E@ is strictly increasing in its first variable, strictly decreasing in its second variable,'®
and strictly increasing in its third variable. ©

Lemma 6 For any two players i,j € N, it holds
() 3 =, = 0 =
(i) =2 = =37 o

The three functions &%, z%, and ii are the main auxiliary objects of our exposition. Action
Z'(s) is the optimal action of player i under status level s. If s’ > s is some higher status level that
can be attained by the higher action z(s’, s) > 2%(s), then player i is indifferent between #(s)
and Z'(s’,s). And, more generally, if y € V{ is a certain action of player i that yields status s
and if s’ > s is some higher status level that can be attained by the higher action 331 (s',8,y) > v,
then player ¢ is indifferent between y and 9’0@ (s, s,y). Here is a numerical example.

16More precisely, for all a,b1,bs € Q with a < by < by, Z%(b1,a) < izi(bz,a).

17To see that ii is well-defined, note that u?(&*(b),b) > u*(i*(a),a) > u’(y,a) and, from (6), u?(z*(b,0),b) =
¥ (£%(0),0) = u*(Z*(a,0),a) < u'(y,a) and u'(-,b) is continuous and strictly decreasing on V;i.

18 More precisely, for all a1, a2,b € Q with a; < az <band y € Vai1 n Va’é, ii(b, a1,y) > 7' (b,a2,y).



Example 7 Suppose u'(x,s) := — | x — A® | + Bis+C", where A*, B',C* > 0 and A'+ B* < L.
Note that u® is indeed strictly quasi-concave in x and that, since maxui(-,0) = C*, condition (6)

is satisfied. Of course,
it = A"

Given a,b € Q with a < b, we can solve
—|z' - A" | +Bb+ C" = Bla + C"

for ¢ € [A*, L*). Hence, _ _ _

z'(b,a) = A*+ B*(b—a).
Also, given a,b € Q with a <b and y € V! = [A?, A" + B'a], we can solve

— |2 —A"|+Bb+C'=—|y— A" | +B'a+C"

for ', € Vj = [A", A" + B'b]. Hence,

z' (b,a,y) =y + B'(b—a)
(the reader may verify Lemmas 4-6). ©

Consider now the status variable. With z = (2!,...,2V"1) € R¥~! we define the function

F,:R— R by '

|2 <z

N -1
Note that F, is invariant for permutations of the coefficients of z. Also, F, is an increasing
upper semi-continuous function with image in @) and the set of points where the function is
discontinuous is {z!,..., 2V 71}, The discontinuities are even such that F}, is a step function.
With x = (2%;x?) € X,!” the status production function of player i is defined as the function s° :

X —R given by _ ‘
_#ieN{i} |2 <o}
= N =

F,(z) :

s'(x) : F(2h). (10)

We call s°(x) and Fy:(x%) the status of 4 in x (both notations will be used). Since Fl: is invariant
for permutations of x’, it does not matter which other player takes a certain action: all players
are of equal social importance. The next lemma addresses the difference in status between two
players.

Lemma 8 Consider two players i,j eN. For each x € X,

in (l‘) - ij (ac)

equals
0 if xt =2l
0 if r<at<al
0 if <2l <z

—-1/(N=1) if z'<z<azi. o

The first result of this lemma has an immediate consequence, for it implies that if two players
take the same action, they have the same status in x. Even a stronger result holds:

9Recall our vector notation: x? = (z!,...,zi-1,zi+1, .., zV) so x* € RV,



Proposition 9 Given a multi-action x € X and two players i,j €N, it holds that s'(x) = s7(x)
if and only if x* =27, o

Proof. ‘=’: Lemma 8 implies 2’ = 27 = s'(x) = s/ (x).
‘=" By contradiction. We may suppose 2/ > z'. Since F,; is an increasing function,
Fyi(27) > Fy(2') and, from Lemma 8, Fy;(z') = Fy(z') + 1/(N — 1) > Fy(z'). Hence,

2l > 2t = Fyy(29) > F(2%) & s/(x) > s'(x), which gives a contradiction. m

Next, consider the players themselves. Using (10), the payoff function of player i becomes
vi(x) = u'(zh, s'(x)). (11)

Given the nature of the status variable, the payoff function v’ is discontinuous in z* when the
fixed actions of all other players are not all zero. It directly follows that also each payoff function
is discontinuous. In fact, the discontinuities are so “bad” that the standard theorems on the
existence of Nash equilibria cannot be applied. Yet each payoff function is upper semi-continuous,
which, among other things, enables us to show that each status game has a Pareto-efficient multi-
action (see Section 4.2). More precisely, we have

Proposition 10 For given x' € X!20 [et gii : X' R be the conditional payoff function of
player i defined by gt (x') := u'(a", s*(a"; x")) = u' (2", Fyi (2")). Then

e the set of points where gjd is discontinuous is (X' N {zt, ... 'L L 2N P\{0};
o cach payoff function v* is discontinuous and upper semi-continuous. <

Proof. First statement. Write A® := {z! ... 2~ o1 . 2N} First we proof that gf{i
is continuous in each point of X* that does not belong to (X* N A%)\{0}. Let a be such a point,
so a € (X"\A") U{0}. The function g’ is a composition of the function X* — R? given by
z — (x, Fyi(z)) and the function X* x @ — R given by u’. The set of points where the first
function is continuous is (X*\ A?)U{0}. (Note that Fy: : [0, L!] — R is continuous in 0 because it
is upper semi-continuous in 0.) It follows that g?; is continuous in each point of (X*\ A*) U {0}.

Now let a be a point in (X? N A")\{0}. We know that F,: is discontinuous in a. Let
w be the jump in a, ie., w = lim,|, Fyi(z)— limgy, Fye(x) (w is well-defined since Fy: is
increasing). Because Fy: is discontinuous in a we have w > 0, and because Fy: is upper semi-
continuous in a we have lim,|q Fyi(x) = Fyi(a). Hence, limgy, Fyi(xz) = Fyi(a) — w. Note
that Fyi(a) —w € Q. Let (a,) be a sequence in X* with a,, < a for all n and with limit a.
Then lim,, o Fyi(a,) = Fyi(a) — w. Because u is strictly increasing in its second variable and
continuous, it follows that g?;(a) = u'(a, Fyi(a)) > u'(a, Fyi(a) — w) = u'(a, lim, o0 Fyi(a,)) =
limy, o0 U (@, Fyi(an)) = lim, o0 gti(an). So gli(a) > lim, . g2 (an) and, therefore, g, is
not continuous in a.

Second statement. Take a € X. We prove that v’ is upper semi-continuous in a. Fix € > 0.
It is not difficult to see that s’ is upper semi-continuous. So there exists a neighbourhood
W =Wt x-.-x WY of ain RY such that s'(x) < s’(a) (x € XN W). Since the function
u'(-, s'(a)) is continuous, there exists a neighbourhood V? of a’ in R such that

u'(z',s'(a)) < u'(a’,s'(a)) +e (2 € X' NVY).

Now U:= (VInWh) x - x(VNNW?H) is a neighbourhood of a in R, and for all x € X N U
We have . . . . . . . . . . .
V() = e, () < w(a, (@) < (e, (@) + € = vi(a) T <.

20We define X? := X1 x ... x Xt=1 x X+l x ... XN,
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This completes our proof. m

Players may have different payoff functions. These differences generally become consequential
when they apply to the relevant action sets of players ([min &¢, L']). How we distinguish between
players on the basis of their payoff functions is a delicate issue, because, as will be seen, it
influences our classification of equilibria into fully diverse and clustering equilibria. Although
some arbitrariness cannot be avoided, we think the following definition is the most suitable.?!
Recalling that UseqV! C [min ii,fl], we assume that any pair of players is either homogeneous
or heterogeneous, according to

Definition 11 Two players i, €N are homogeneous if
Vi=Vi=V] (s€Q)
and for each 8,8’ € Q and x € V,, ' € Vy
u'(z,s) > u'(2',s') & u(x,s) >ul (2, s). (12)
Otherwise they are heterogeneous. <

Writing ¢ ~ j if players ¢ and j are homogeneous, the relation ~ is an equivalence relation on
N. Also note that players 7 and j are homogeneous if statement (12) holds over the same overall
action set X := X? = X7 .22 Further, it can be shown that if i and j are homogeneous, a unique
strictly increasing function f exists such that v/ = fow® (see Proposition 42 in Appendix B). In
an ordinal sense, therefore, homogeneous players have the same payoffs. Finally, it is important
to observe that our definition of homogeneous players links up well with the key function z% , as
indicated by
Proposition 12 Given two players i,7 €N, it holds that 331 = g’cj+ if and only if i and j are
homogeneous. <

Proof. We prove that ¢ ~ j & :i’j_ = a‘cﬂ_

‘=": Suppose i ~ j. Fix a,b € Q with b > a and y € V!. We have

u' (7 (b, a,y),b) = u'(y, a).

Because :Eﬂr(b, a,y) € Vbi and y € Vai, 1 ~ 7 implies
! (a?i(b, a,y),b) = uj(y7 a).
By definition, since y € V7, a’:fF (b,a,y) is the unique element z € Vbj that solves
u? (2,b) = v (y,a).

Since z (b, a,y) € V{\ = Vbj, it follows :fi(b,a,y) =z’ (b,a,y).

‘«<’: Suppose :Eﬂr = :Eﬂ_ Because the domains of these functions are the same, it holds
Vii=Vi=VJ(s€Q). Let U := Useq{u‘(z,s) | s € Q, x € Vi}. We will show that there exists
a strictly increasing function f : U— R such that u/(z,s) = (f ou®)(z,s) (s € Q, © € V). Then
i ~ 7 by Proposition 42 in Appendix B, and the proof is complete.

218ee the discussion in footnote 23 and Proposition 12 below.
22This is not obvious: see Proposition 43 in Appendix B.
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Fix z € U and choose s € @ and = € V; such that u’(z,s) = 2. Define

f(z) =1 (z,s).
The function f does not depend on x and s, because if also u'(2’,s’) = z, where s’ € Q and

2’ € Vg, it holds v/ (z,s) = u/(2',s"). To see this, suppose (without loss of generality) that
s’ > s. By definition, u'(z, s) = u'(z% (s', s,z), s'), so we have

u'(z' (s, s, x), ') = u' (2, §).
Because ', (s, s,z),2’ > &'(s), it follows
T (s, s,2) =2,

Y
So, because 7% = 77,

(s, s,2) =2
Since v/ (z,s) = u’ (i‘i(s’, s,2),s") by definition, this gives u/(x,s) = u?(a2',s’).
Therefore, by construction, we can write

wi(a,s) = (foul)(w,s) (s€Que V).

The function f is strictly increasing. For let z, z’_e U with z < 2. Then, with s, seqQ,xeV,
and 2’ € Vy such that z = u'(z,s) and 2’ = u'(2', ), it holds u'(z,s) < u'(2’,s’). Because
i~ j, we have v/ (z,s) < u/(2',s"), which implies f(z) = v/ (x,s) <u/(2/,s') = f(z/). =

Differences among players are likely to induce allocations with a distribution of social ranks,
and the question is how this relationship exactly looks like. To that end, we study the Nash
equilibria of the game. Each player chooses his utility-maximizing action on the assumption that
the actions of all the other players remain constant. In a Nash equilibrium, each player does so
based on a correct forecast of the actions of all the others. Hence, it is a set of mutually consistent
actions: a multi-action x € X such that for all i €N and z € X*, vi(z%;x') > v'(2;x"). Denoting

a Nash-equilibrium by n = (n',...,n"), Proposition 2 directly implies n’ € [min ii,fz]. We can

even be more specific about the equilibrium action of player i:

Proposition 13 Consider a status game. Then, for each Nash equilibrium n, it holds n' € V;,-(n)

GeN). o

Proof. Let b := F,:(n'), so V;(n) = Vg (i) = Vi = [2%(b),z(b,0)]. We prove n' € V!
(i €N') by contradiction.
Suppose n’ < #%(b). Then Fy:(2(b)) > Fyi(n') = b. Using this, we have

vi(n'sn') = w'(n',b) < u'(@'(b),b) < ' (&"(b), Pt (3'(h))) = v' (' (b); 1),

a contradiction. _ _ _
Suppose n* > T*(b,0). Then, from Lemma 4, also n* > Z*(b). Using this, we have

vi(n'in’) = u'(n',b) < ' (2'(b,0),b) = u'(2'(0),0) = v'(2'(0);n'),

a contradiction.
This completes our proof. m

Moreover, the equilibrium action of player ¢ just equals his optimal action under status level
s"(n) or the equilibrium action of some other player(s):

12



Proposition 14 Suppose n is a Nash equilibrium of a status game. Then for alli € N, it holds
nt e {Zi(s'm))}u{nt,... .07 nitl o N} o

Proof. By contradiction. So, fix ¢ and, with Z := {n',... . n'~L n*l . nN} suppose
n' ¢ {2'(s'(n))} U Z. Consider the conditional payoff function g, defined in Proposition 10.
Because n' ¢ Z, there exists 6 > 0 such that Fy: is constant, say s, on (n* —d,n* +§). It follows
that g’,(z") = u'(2,s) on X' N (n* — §,n’ + ). Because n' # &'(s), there exists n > 0 such
that 2°(s) ¢ (n' —n,n" +n). Now, consider g!; on X' N (n' —¢,n" + ¢), where € := min{d,n}.
Because this restricted function is strictly quasi-concave and does not have the maximizer #(s)
in its domain, it is strictly monotone and so does not have a maximizer. In particular, n’ is not
a maximizer of the restricted function and, therefore, also not of the unrestricted function g;
This is a contradiction. m

One particular issue is whether, in a Nash equilibrium, homogeneous players always act the
same and heterogeneous players always act differently. Remarkably, the answer to the latter
question is no: sometimes heterogeneous players behave differently, sometimes they do the same.
It requires a complicated analysis to identify the precise conditions determining the equilibrium
behaviour of heterogeneous players. The answer to the former question is yes: homogeneous
players indeed act the same. This result is already stated in the next theorem.

Theorem 15 Consider a status game and suppose i and j are homogeneous players. Then, for
each Nash equilibrium n, it holds n* =nJ. o

~ Proof. We proceed by contradiction: suppose n® # n’ (with i # j). We may also suppose
n* < n’. Note first that, by Lemma 8 (first and fourth result),

Foe(n?) = Foy (/) and Foe(n') = Foo(n') = .

Now, because n is a Nash-equilibrium, v*(n’; n?) > v¥(n?; n?) and v/ (n/; n) > v/ (n’;n’). There-
fore, . . . . . . . . .
i (0, Fys (n)) > (8, Fys(n)) = i (19, g (7)),

or, with s := Fp:(n?) and 5" := Fy;(n/),

u'(nt,s) > u'(n?,s).
Because i and j are homogeneous, and noting that n* € V! and n’ € V:, by Proposition 13, this
implies o o

uw (n',s) >ul(n?,s).
But we also have

uj(nj, S/) = uj(nj7 an(nj)) > uj(ni, an(ni)) = uj(nia Fy (nz) + )
> wl(n, Fpi(n')) = (n, )

which is absurd. =

Let us allocate the players to M equivalence classes, hereafter called homogeneity classes. So
members of the same homogeneity class are always homogeneous and members from different
classes heterogeneous. Noting that 1 < M < N, the case M = 1 will be referred to as complete
homogeneity and the case M = N as complete heterogeneity.
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Theorem 15 directly implies that the number of different actions in a Nash equilibrium is at
most M. Hence, only equilibria with M or with less than M different action levels can exist.
Equilibria with M different actions show a one-to-one correspondence between action level and
class membership. Equilibria with less than M different actions are such that the members of
two or more homogeneity classes choose the same action level.

We will use the following terminology. Let E denote the set of Nash equilibria. For K €
{1,...,N}, E (K) denotes the set of Nash equilibria with exactly K different actions:

EX) .= (ne E|#{n',....n"V} =K} (13)

Since K < M, it holds
E:E(l)u...uE(M)

(of course, the union is disjoint). An element of E(%) is called K-level equilibrium. Specifically,
an element of E() is called single-level equilibrium, an element of EXM) fully diverse equilibrium,
and an element of E\EM) clustering equilibrium.?>

Any Nash equilibrium implies a social hierarchy or social ladder in the following sense. With
a=(al,...,a") € RV, let the function S, : R — R be defined by Sa(x) := #{j | @/ < z}/N.
Then, given a Nash equilibrium n, S, (n?) indicates the relative position of player i among N
players on the social ladder. It is closely related to the social status perceived by player ¢ himself:
Sn(nt) = s'(n)(N — 1)/N + 1/N. Thus we can say that the function S, represents the social
ladder implied by the equilibrium n. Note that different Nash equilibria may entail the same
social ladder. Also, by Theorem 15, an equilibrium with a non-degenerate social hierarchy, so
with K > 2, requires at least two homogeneity classes. If there is only one, so in case of complete
homogeneity, only a single-level equilibrium can exist (which is also a fully diverse equilibrium).
But the presence of two or more homogeneity classes is not sufficient for a non-degenerate social
hierarchy, since it may entail a single-level equilibrium (which is also a clustering equilibrium).

To be sure, until now nothing guarantees the existence of a Nash equilibrium. We have
already remarked that the discontinuities of our payoff functions preclude the application of the
standard existence theorems in the literature. So we cannot rely on general results, and have to
carry out the analysis largely from scratch. Therefore, it is instructive to begin with studying
a game with only two players, which is done in Section 3. The general analysis with N players
follows in Section 4. But first we motivate the game with an illustration.

2.2 TIllustration

We illustrate the status game with a simple model of consumer behaviour. The model also
underlies our discussion of the impact of status seeking on saving in Section 5.24

Suppose there are N consumers (N > 2). Each consumer i €N wishes to choose a combi-
nation of positional (or status-generating) goods and non-positional goods (e.g., safety devices,
insurance, redemption of a mortgage, future consumption (see Frank, 1985a)), with quantities
2 and g%, to maximize utility:

Uz, y's ")

230ur taxonomy of equilibria clearly depends on Definition 11 and Theorem 15. The proof of Theorem 15
implicitly reveals that the equivalence relation ~ on N is stronger than what is required for any pair of players to
have always the same Nash equilibrium strategy. Only a symmetric relation R on A is needed with the property
that iRj implies, for each Nash equilibrium n, u?(n?,s’(n)) > u’(n?,s’(n)) = w/(n?,s’(n)) > u/(n?, s’ (n)).
This more general approach would alter our classification of Nash equilibria. Yet, we have two problems with this
approach: relation R is restricted to Nash strategies and, because iRj < a’cﬂr = a’c{H it lacks a convenient property
(see Proposition 12). Finally, it may be noted that defining equivalence is basically a semantic issue.

24 A continuous version of the model is studied by Frank (1985b); see also Hopkins and Kornienko (2004a).
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given a status production function:

and subject to a budget constraint:
pa’ + pyyt <w'.

Here income w' > 0 for all i €N, prices p,,py, > 0, and U : R% x @ — R is such that, for each
st € Q, U(-,-; ") is continuous, strictly increasing, and strictly quasi-concave.?®> Moreover, U is
strictly increasing in the third variable. Note that, just for simplicity, we assume that consumers
may differ only with respect to income.

This setting is a game in strategic form where each player ¢ has a two-dimensional action set:

Zt={(«",y") € RY | poa’ + pyy’ < w'}
and, writing 2* = (2%,9"),2° a payoff function f?:Z — R given by
Fi(2) == U, y's B (7).
If we impose one more restriction on the shape of U: for all i eN
w'
max U(,,O) > U(770; 1)7 (14)
(zi,yh)eZ? Dz
the game boils down to an ordinal status game, as will be shown now.
Since, for each z¢ € Ry and s* € Q, U(z?,+;s') is strictly increasing, the budget constraint
will hold with strict equality at any maximizer, so we can substitute for 3 in U and write
. wi — xi .
U(z®, ﬁ; s).
Dy

With X% := [0, L] := [0,w!/p.], we define the function u’ : X* x Q — R by

i i
W' — pexT’
—s'),

u'(z',s%) = Ul(a’, ’
y

and arrive at
v'(x) = u' (2, Fy (2Y)).

The function u* is continuous and strictly quasi-concave in its first variable and strictly increasing
in its second variable. Restriction (14) ensures that u’ also satisfies the relevance condition (6).
Hence, we have indeed constructed an ordinal status game.

Let us call the earlier two-goods game I' and the associated status game I'. It is easy to show
that in the former game, there exists for each s € @ and w > 0 a unique maximizing pair, which
we denote by (#(s,w),§(s,w)). Its counterpart in game I is £%(s), according to

Proposition 16 Given the two-goods game I' and the associated status game I", it holds ' (s) =

2(s,w?) (i eENs€Q). ©

25Here R4 := [0,00). “Strictly increasing” means that for all a1,as2,b1,b2 € Ry, we have U(az,b2;s) >
U(a1,b1;s) whenever az > a1 and b2 > b1 and the inequality is strict whenever az > a1 and b2 > b1. Actually,
U(.,.;s) needs to be strictly quasi-concave only on all budget lines (thus allowing for e.g. a Cobb-Douglas
specification).

26Gimilarly, z = ((z%, y'),..., (@™,y™)) and Z =21 x --- x ZN.
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Proof. Because p, (s, w")+p,g(s, w') = w', Z(s,w?) is the unique maximizer of the function
[0, w"/pz] — R given by  — U(x, (0’ — pyx)/py; 5), .. the function u’(-, s). Since #*(s) denotes
the unique maximizer of u'(-, s), therefore, #*(s) = &(s,w"). =

This result will be implicitly employed in Section 5, as will be the next proposition, which
indicates that the existence and Pareto efficiency of the Nash equilibria of both games are closely
related:

Proposition 17 Consider the two-goods game I and the associated status game T,

o Ifz=((z,y"),...,(xN,y"N)) € Z is a Nash equilibrium of T, then x is a Nash equilibrium
of IV. If z is even a Pareto-efficient Nash equilibrium, then x is also a Parcto-efficient
Nash equilibrium.

e If x € X is a Nash equilibrium of I", then, with y* = (w' — pya')/p, (i €EN), z: =
((zt,yY), ..., @, y™)) is a Nash equilibrium of T. If x is even a Pareto-efficient Nash
equilibrium, then z is also a Pareto-efficient Nash equilibrium. ¢

Proof. First statement. Suppose z is a Nash equilibrium of I'. For i € N, (2%,y*) is then a
maximizer of the function o , A
ht(2') = U(, 58" (%))

Define H' := {(z,y) € R? | p,x + pyy = w'} (i € N). Then, by Lemma 44 in Appendix
B, (x%,y") € H'. Tt follows that z is a maximizer of the function X* — R given by a’
U(a®, (w' — pya')/py; s'(a’;x?)), i.e. of the function v*(+;x*). Thus x is a Nash equilibrium of I".

“Pareto efficiency” by contradiction. So suppose z = ((z',3'),..., (z"V,y")) € Z is a Pareto-
efficient Nash equilibrium of I', but x is not a Pareto-efficient Nash equilibrium of I'V. Define
e’ = (w' — pyz')/py (1 € N) and note that ' > y* (since (z%,y") € Z*). Let a € X be a Pareto
improvement of x, so v'(a) > vi(x) (i € N) with at least one of these inequalities strict, say for
i = k. Define b' := (w' — p,a’)/p, (i € N) and let p := ((a',b!),..., (a?,bY)) € Z. Because
(a’,b%), (z%,e*) € H' and e’ > y*, we obtain

h'(p) = U(d',b'ss'(a)) = u'(a’, 5'(a)) = v'(a) >
v'(x) = u'(a’,s'(x)) = U’ s s'(x)) 2 U, y's s (x) = h'(2),

so h'(p) > h%(z) and for i = k a strict inequality. Therefore, z is not Pareto efficient — a
contradiction.

Second statement. We have to prove that, for i € N, (z¢,y%) is a maximizer of the function
hi(-;z'). Because x is a Nash equilibrium of I, z% is a maximizer of the function v*(-;x'), i.e. of
the function a’ — U(a’, (w® — pya®)/py; si(a’;x?)). Suppose (z%,y") would not be a maximizer of
the function h’(-;z'). Then there exists (¢!, d’) € Z¢ with hi((c!,d");z!) > hi((z*,y");2!). Now,
for e’ := (w'—p,c')/py, (i € N'), we have (¢!, e’) € H, e > d', and hi((c', e');z%) > hi((c,d"); z°).
So

W (e eh);2") > B (2, y'); 2").
Because (2%, y), (¢!, e') € H*, this becomes h'((c?, (w'—p,c?)/p,);z') > hi((a!, (wi—pyat)/py); Z),
or
U(c, (w' = pec) [py; ' (c'sx7)) > Ula?, (w' — pea’) [py; s' (2% x7)),
a contradiction.

“Pareto efficiency” by contradiction. So suppose x € X is a Pareto-efficient Nash equilibrium
of IV, but z :=((z',y'),..., (z",y")) is not a Pareto-efficient Nash equilibrium of I'. Let p : =
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((a*,b1),...,(a",bY)) € Z be a Pareto improvement of z, so h'(p) > hi(z) (i € N) and at least
one of these inequalities is strict, say for i = k. Define ¢’ := (w' — p,a®)/p, (i € ) and let
q = ((a',c'),...,(a",c")). Because ¢ > b, it follows that U(a’,c’;s'(a)) > U(a’,b’; s'(a)).

Now, because (a, c), (z%,y') € H?,
vila) = ui(a’, 5'(a)) = U(al, ¢; 5'(a)) > Ulal, bi; 5'(a)) = hi(p)
> h'(z) = U(',y's 8" (x)) = ' (2’ 5' (x)) = v'(x),
so v*(a) > v'(x) and for ¢ = k a strict inequality. Therefore, x is not Pareto efficient — a
contradiction. m

3 The status game with only two players

In this section, we examine an ordinal status game with only two players. Understanding this
restricted game is worthwhile, because it already exhibits a number of features that characterize
the general case of N players, such as the presence of fully diverse and clustering equilibria. We
also verify whether a Nash equilibrium is indeed Pareto inefficient, as claimed by the literature
on status seeking (see Introduction). After re-stating the game in Section 3.1, we study the case
of homogeneous players in Section 3.2 and that of heterogeneous players in Section 3.3.

3.1 The game

Consider a status game with two players, so N'= {1,2}. Their actions are given by the multi-
action x = (x!,2?). Writing i, j € N with i # j, the payoff function of player i is

V(%) 1= ' (" #lila? <o’} { u'(x',0) if 0<at <al

21 ui(z?, 1) if a2 <2t < LA
which is presented by the solid curve in Figure 3 (for arbitrary z7).
It is convenient to work with reaction correspondences, although this concept will not be used
later on.?” The reaction correspondence of player i is R : X7 —o X defined by

R'(27) := arg max v’ (x).

It states player i’s optimal action(s) in response to any specified action of player j. Using £%(1) <
71(1,0) (from Lemma 4 (ii)) and with the help of Figure 3, we find

{21(1)} if 0<ad <3Y(1)
{7,84(0)} if 27 =z%(1,0)
{24(0)} if 27 >z'(1,0).
Since Ri(2z7) = {z' | vi(a%;27) > vi(2;27);2 € X'}, a Nash equilibrium is a multi-action
x € X such that ! € R'(2?) and 2? € R%(z!). An equilibrium indeed always exists (a proof is
in Appendix A28):

(15)

Theorem 18 A status game with two players has a Nash equilibrium. <

Hereafter we identify these equilibria (there may be more than one). Note that (15) already
implies a Nash equilibrium n has n’ € {n/,£%(0),£%(1)}, which is in line with Proposition 14.

27Expressing the reaction correspondences analytically becomes increasingly laborious as the number of players
goes up. For example, with 3 players, a reaction correspondence already contains 16 or more case expressions.

28 A proof based on the reaction correspondences is rather cumbersome. The concise proof in Appendix A relies
on some general results derived in Section 4.
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3.2 Complete homogeneity

If the two players are homogeneous, then #! = #? and ! = 2 (Proposition 12 and Lemma 6).
It follows that R' = R? if L' = L?. Below superscript i is omitted.

Figure 4 presents the reaction correspondence (15) of each player. Although the diagram has
%(0) < (1), it is also possible that £(0) > &(1); the only restriction is max{£(0),%(1)} < Z(1,0)
(Lemma 4 (73)). It is easily verified that the distinction between these two cases bears no impact
on the following results. A similar remark holds for the possibility that #(0) = 0 or #(1) = 0.

A Nash equilibrium is implied by the “intersection” of the graphs of the reaction correspon-
dences in Figure 4. It is seen that a continuum of equilibria exists and that, in each equilibrium,
the two players take the same action, as implied by Theorem 15. Hence, all equilibria are single-
level equilibria. The set of Nash equilibria is given by E = E(M) = {(a,a) | a € [2(1),Z(1,0)]}.

This set can be ranked by the Pareto criterion. Since, in each equilibrium, both players have
the highest possible status (s = 1) and an action equal to or greater than Z(1), equilibria with
higher action levels than Z(1) bring lower payoffs. Hence, those with lower action levels are
Pareto superior, and the Pareto-dominating equilibrium is n = (#(1),£(1)). The latter is also
Pareto efficient, because both players receive their maximum payoffs u!(2(1),1) and u?(2(1), 1).

3.3 Complete heterogeneity

Figure 5 shows the reaction correspondences (15) of the two players if they are heterogeneous.
Diagrams A-C present three typical configurations that may arise with respect to the existence
of Nash equilibria.?’

Diagram A illustrates that, even though the players are different, there may exist a contin-
uum of equilibria where they take the same action. This set of single-level equilibria, now also
clustering equilibria, is given by £ = EM) = {(a,a) | a € N?_,[2°(1),7'(1,0)]}. As before, these
equilibria can be ranked by the Pareto criterion. Those with lower action levels are superior, and
the Pareto-dominating equilibrium is (2%(1),42(1)). The latter is also Pareto efficient, because
player 2 receives his maximum payoff and thus can only loose in case of a different action, while
player 1 receives a lower payoff u!(z!,0) < w!'(21(0),0) = w'(z'(1,0),1) < u*(2%(1),1) if he
takes a low-status action z! < 2%(1), and a lower or equal payoff u'(z!,1) < u!(#%(1),1) if he
takes a high-status action z' > 2%(1).

Diagram B shows a unique fully diverse equilibrium, where the players take different actions
and enjoy different amounts of status. It reflects the most simple equilibrium social hierarchy.
Formally, E = E®) = {(4'(0),22(1))}. The equilibrium is Pareto efficient, since player 2 gathers
the maximum payoff, while player 1 gets a lower or equal payoff u'(z!,0) < u!(21(0), 0) if he takes
a low-status action z' < 22(1), and a lower payoff u'(z!,1) < u!(2%(1),1) < w!'(z'(1,0),1) =
ut(£1(0),0) if he takes a high-status action 2! > 22(1).

Diagram C shows a borderline case with a fully diverse equilibrium and a clustering equilib-
rium. Formally, £ = E® U E®?) with EM = {(2%(1),42(1))} and E® = {(2'(0),2(1))}. Both
equilibria are Pareto efficient for almost identical reasons as before. Moreover, they yield the
same payoff to each player: u!(z'(1,0),1) = u!(21(0),0) to player 1 and u?(#2(1),1) to player
2. This configuration illustrates the general point that we can have equilibria with different
numbers of action levels at the same time (see also Example 29).

Comparing the three diagrams of Figure 5, it is seen that the critical condition determining
the configuration of Nash equilibria is whether #2(1) < #!(1,0) (Diagram A), #2(1) > z'(1,0)
(Diagram B), or #2(1) = z'(1,0) (Diagram C). Here 2%(1) is the optimal action of player 2
under status level 1, and Z'(1,0) is the action of player 1 that, if it yielded status level 1, would

29 As before, whether 0 < 2%(0) < £%(1) or 0 < 2%(1) < £%(0) (i € N) does not basically alter our analysis.
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make him equally well off as the lower optimal action #!(0) under status level 0. Recalling that
Vi:=[2%(s),z%(s,0)] is the V-set of player i, the critical condition thus sets demands on how V!
compares with V2. To put it roughly, little heterogeneity of the players (some overlap of Vi! and
V2) gives rise to a continuum of clustering equilibria, comparable with homogeneity, and much
heterogeneity (no overlap of Vi! and V) gives rise to a unique fully diverse equilibrium. This
broad statement remains valid in the general case of N players.

4 (General analysis

Building on our insights from Section 2.1, we will now continue with the analysis of the status
game for any finite number of players (N > 2). The existence of a fully diverse equilibrium or
a clustering equilibrium is studied in Section 4.1. Our key results are Propositions 27 and 28,
which derive necessary and sufficient conditions for the existence of any type of Nash equilibrium.
The Pareto efficiency of fully diverse and clustering equilibria is studied in Section 4.2.

4.1 Existence of fully diverse and clustering equilibria
4.1.1 On the set of single-level equilibria E(!)

Even in case of complete heterogeneity, i.e. where the number of homogeneity classes M equals
N, there may exist equilibria where all players take the same action. This is implied by

Theorem 19 Consider a status game. Then EM ={(a,...,a) | a € NN, Vi}. o

Proof. Recall Vi = [#%(1), (1, 0)].

‘C: Let n = (a,...,a) € EM and apply Proposition 13 with s (n) = Fpi(n?) =1 for all 4.

‘D’ For zt € [a,LL], we have 2°(1) < a < 2%, so vi(z%;al) = ui(2?, 1) < ui(a, 1) = vi(a;al).
And for 2° € [0,a), we have vi(z%;a’) = u"(xi,O) < l(i:’( ),0) = ui(x*(1,0), ) < u'(a,1) =
vi(a;al). m

A single-level equilibrium does not necessarily exist, because the segments V; may have an
empty intersection. But if all players are homogeneous, this is not possible, since the numbers
#(1) and z*(1,0) are then independent of i (Proposition 12 and Lemma 6). Writing in this case
V11 (consistent with our notation later on) and recalling Theorem 15, we have

Corollary 20 Consider a status game with complete homogeneity (M = 1). Then
E=EWY ={(a,...,a) |a eV},
so #FE =00. ©
Hence, with solely homogeneous players, there exists an infinite number of Nash equilibria,
which are all single-level equilibria.
4.1.2 Additional terminology

To study the existence of Nash equilibria with more than one action level, the relations between
action levels and subsets of players must be specified. We use the following terminology. For
K e {l,...,N}, define K := {1,...,K}. An ordered partition of dimension K of N is a finite
sequence (Cy, . ..,Ck) of non-empty disjoint subsets of A" whose union is /. Let C = (Cy,...,Ck)
be such an ordered partition. We define the function A : N — K by

A(%) is the unique element of K for which i € Cy(;), (16)
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and call this the label function of C.
Now consider a multi-action x € X and let #{x!,...,2¥} = K. Define real numbers
C1,-..,Ci by
{xlw"al‘N} = {clw"acK}#a
cp <---<cg.

With these K numbers, or level data, we can define for k € IC

Cr:={i e N |2 = c1.}. (17)
It follows that C = (Cy,...,Ck) is an ordered partition of " and that, with A as the label function
of C, it holds z* = e (0 € N). We call C = (Cy,...,Ck) the cluster partition of x and its
elements clusters. For example, x = (4,2,7,4,8) has cluster partition C = ({2}, {1, 4}, {3}, {5}).
Note that the cluster partition (Cy,...,Ck) of a vector x also tells us that all i € C;, are on rung
k of the implied social ladder.
In line with all this, we write E¢ for the set of Nash equilibrium vectors with cluster partition
C. If Px denotes the set of all ordered partitions of dimension K of N, we have

EY) = Ueep, Ee,

E= ngi\/ Ucer, Ec.

Our final definition is used to characterize the degree of heterogeneity among players. Let
i, € N be two heterogeneous players. Let @, := Q\{0}. We say that the non-degenerate
V-sets of i and j are ordered disjoint sets if>°

Vi< VI(s€Quy)or Vi >VI (s €Qyy)

The definition assumes that ¢ and j are heterogeneous (in particular, ¢ # j), because if they were
homogeneous, none of both systems of inequalities could hold. Also note that the non-degenerate
V-sets of i and j are ordered disjoint sets if and only if

7'(5,0) < #7(s) (s € Q44 ) or T (s,0) < 2(s) (s € Q1y).
Recalling that there are M homogeneity classes, the next lemma follows immediately:

Lemma 21 Suppose for all pairs of heterogeneous players the non-degenerate V -sets are ordered
disjoint sets. Then there exists a unique ordered partition (C1,...,Cnr) of N where each Cy, is a
homogeneity class, such that — writing Vis for the sets V! (i € Cy) (which are all equal) —

Vis <+ <Vps (sE€EQyq). ©

4.1.3 On the set of N-level equilibria E(N)

We proceed with an analysis of the set E(N)| so the set of Nash equilibria where all players take
different actions. Theorem 15 already implies that, for such an equilibrium to exist, all players
must be heterogeneous:

Corollary 22 Consider a status game. If EX) % (), then there is complete heterogeneity (i.e.
M=N). o

30Here, for two subsets A and B of R, we write A < Bif a < b (a € A,b € B). Note that V{ = [£°(0),z*(0,0)] =
{#*(0)} by Lemma 4(i), so Vjj is a degenerate set (a set with only one element).
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Hence, each n € E(V) is a fully diverse equilibrium. Because EN) = Ugcp ~ Ec and the union
is disjoint,! for each n € E(N) there exists a unique N-dimensional ordered partition of N such
that n € E¢. Note that the set Py of such partitions contains N! elements.

Now suppose C = (Cy,...,Cn) is such a partition. Then its label function A : N'— N is a
permutation of A, so we have C; = {\"'(i)} (i € N) and, for n € EN), we have for the level data:
=m0 << ey =n* ) and for the status level of cach player: s¢(n) = o (i eN).
Applying Proposition 14, we thus find that if E¢ # 0, then E¢ = {2'(qx1)), - - -, 2" (gx(3))}- The
next result also provides necessary and sufficient conditions for the existence of this equilibrium:3?

Proposition 23 Fiz C € Py and let A : N' — N be its label function. Then E¢ # 0 if and only
if the inequalities
1 -1
P Ogq) <3t Oq) (keN,l=k,...,N)

hold. Moreover, if Ec # 0, then

Ec = {#"(ax1)s-- 2N (aan) ). ©

In this fully diverse equilibrium, each player ¢ takes his optimal action a?i(q)\(i)) under the
status level gy(;). The inequality conditions basically ensure that player i cannot increase his
payoff by choosing one of the higher action levels with more status, taken by some other player.

Suppose the fully diverse equilibrium indeed exists, so E¢ # (). Are there other N-dimensional
ordered partitions of A/ that can also give rise to fully diverse equilibria? Or a bit less formal: if
we have an equilibrium social ladder with one person on each of the N rungs, can these people
trade places and form another equilibrium social ladder with as many rungs? The answer is
negative: the set EWN) = Ucepy Ec contains at most one element.

Theorem 24 For each status game it holds #EWN) < 1. o

Proof. We may suppose EXV) = (). Let C € Py be such that E; # (. Consider another
partition C’ € Py with C' # C. The proof is complete if we show that Ec; = 0, which will be
done by contradiction.

So suppose Ecr # 0. Let A and A’ be the label functions of C and C’. Because C # C’, by
Lemma 45 in Appendix B (with K = N),*? there exists a,b € N such that

Aa) < A(b), N (a) = A(b), X (b) < A(b).
Proposition 23 with k = A(a) and I = A(b) implies
Z(qrb)s () < 22(arp))
and with £ = X'(b) and [ = \'(a) implies a‘:b(qx(a), ) < 24qx(a)), 1ee
(@), v ) < 2 (aaw)-

Noting that gx) < ga@) and gy ) < @) and using Lemma 4, we now obtain

2 (arm) < 2wy D) < 2(arm) < Z(ane) avm) < 2 (aaw)-

31For suppose C # C’ and, to the contrary, Ec N Eg/ # (. Then there exists n such that n € E¢ and n € Eg/.
So both C and C’ are cluster partitions of n, which implies C = C’ — a contradiction.

32This result follows directly from our key Propositions 27 and 28 mentioned below, therefore, a proof is omitted.
For clarity, Appendix B contains a proof that does not rely on these propositions.

33Lemma 45 shows that, given two different partitions of Py , we can always find a pair of players who are
shifting places such that that one gets the higher cluster label of the other and the other gets some arbitrary lower
cluster label.
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This is a contradiction. m

Using Lemma 4, it is not difficult to verify that the inequalities in Proposition 23 are met if
the following more simple conditions hold:

W (5,0) < 22 FD () (ke M\IN} s € Qpy). (18)

— -1 —
Since 2 (%) (s, 0) is the maximum of V3" *) and g2~ (k+1D) (s) is the minimum of Vi (k1)
these conditions are satisfied if for all pairs of heterogeneous players the non-degenerate V-sets
are ordered disjoint sets put in the right order:

VA0 o AT (5 e Quy). (19)

It follows that, given partition C, the fully diverse equilibrium exists if the differences among the
ordered players are sufficiently large. Indeed, in that case, it is even the only Nash equilibrium:

Theorem 25 Consider a status game with M = N for which for all pairs of heterogeneous
players the non-degenerate V -sets are ordered disjoint sets. Then

o E=FEWN),
o #E=1. o

Proof. By Lemma 21 there exists a unique ordered partition C = (Cy,...,Cy) of N' where
each Ci, is a homogeneity class (with only one member now) such that, with A the label function

of C, Vs)‘il(l) <o < stl(N) (s € Q+4). So (19) holds and, therefore, also the inequalities in
Proposition 23. With Theorem 24, we have #E®™) =1,

The proof is complete if we show that E\E(N) = (). We do this by contradiction. So suppose
n € E with n ¢ E®) (so, because M = N, n is a clustering equilibrium). Then there exists a
pair of players i and j for which n := n = n’ and, by Proposition 9, s := s‘(n) = s/(n) > 0.
Applying Proposition 13, it follows that n € V! and n € VJ, so VINVJ # (). But (19) implies
ViNVJ =10, so we have a contradiction. m

In sum, if the differences among players are so prominent that their non-degenerate V-sets are
ordered disjoint sets, then there exists a unique Nash equilibrium. It is a fully diverse equilibrium
where each player takes his optimal action z* given a certain status level.

4.1.4 On the set of K-level equilibria E(*)

Sofar we have dealt with two borderline cases: 1-level and N-level equilibria. In this section, we
take up the general case and derive necessary and sufficient conditions for the existence of any
type of Nash equilibrium.

First, recall that the players can be allocated to M homogeneity classes. From Theorem 15,
we know a K-level equilibrium must be such that each of the K clusters is a union of the M
classes. It follows that the number of equilibrium action levels is restricted by the number of
classes: K < M.

Further, using Proposition 13, we find that if a K-level equilibrium exists, the action level of
a cluster of players is an element of the intersection of their V-sets at the relevant status level.
Defining, for a given ordered partition (Cy,...,Cx) of N,

Ski=ds_ g, (ke KU{0}), (20)

we have
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Proposition 26 Suppose n is a K-level Nash equilibrium. Then, with (Cy,...,Ck) the cluster
partition and ¢; < - -+ < cx the level data of n,
Ck € miGCk Vs

Sk

(kekK). o

Proof. By Proposition 13, n’ € Vsii(n). With A the label function of the cluster partition,
s'(n) = Gs) e (Lemma 46 in Appendix B). Now take k € K and i € C. Then ¢, = n' €
qiz =V =V} (using (20)), as desired. m

Nue, I e,
The next rather technical but important proposition refines this result:

Proposition 27 Suppose n is a K-level Nash equilibrium. Let C = (Cy,...,Ck) be the cluster
partition and c; < - -+ < ck the level data of n. Let A : N' — K be the label function of C. With
co := 0, define for i € N the numbers y; (0 <j < Ai)) by

i i 1 . . 1
yj — max {IE (SJ —+ m),mln{cj',x (SJ —+ ]\]_1’0)}} .

Then for each k € K
e ¢ € Nice, [T (sk), ming<jcr T (sk, 55 + ﬁw})]-“
In particular,
-1
#Cr=1= ¢ = QA?)\ (k)(sk).

o cp > ji(sk,sj,cj) (1 <j<k/i€ Cj).35 o

(Because the proof fills a number of pages, and is moved to Appendix A.)

Proposition 27 implies that, in a K-level equilibrium, player i of cluster k has status level sy.
The first result shows that if player i is the only member of cluster k, and so is heterogeneous
with respect to all other players, he chooses his optimal action #%(sy). If player i is not the only
one,*S he generally takes a higher action than #%(sj) that is an element of the intersection of
certain individual member sets. The upper bound of player ¢’s set (the min expression) indicates
the action level that, if it yielded status s, would give player i the same payoff as his best action
with lower status than s;. Also note that this set is a subset of V;k 37 50 also the intersection
is a subset of Niec, Vi, . The second result is a generalization of the inequality constraints in
Proposition 23:3% it implies that player i of cluster k cannot increase his payoff by choosing one
of the the action levels with higher status than sy.

Proposition 27 gives necessary conditions for a K-level equilibrium to exist. For each k €
{1,..., K}, there are two conditions and both are on the cluster partition and the level data
c1 < --- < cg of n. Are these conditions together also sufficient for the existence of a K-level
equilibrium? The next proposition shows that this is indeed the case. Note that it is not clear,
however, whether these conditions can always be satisfied, so its existence is not guaranteed.

34 =i ] 1 iy i ]
rHere :L”'."(Sb 85+ N1 ,y;-) is well-defined, becauseA y; € V;_7+1/(N—1)'
35Here z!, (sk, 85, ¢;) is well-defined, because c; € V;j.
36He may still be heterogeneous with respect to all other players.
#7Because ming< ;< f_ﬁr(sm sj+ 710 U S & (sky k1 + 70 V1) < B (sk—1+ 5=7,0) < ' (sk,0), which
is the upper bound of Ve,
38 This may be seen by rewriting the second result as aﬁi(sl, spycr) <o (k<1< K,i€Cy).
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Proposition 28 Fiz an ordered partition C = (Cy,...,Cx) of N'. Suppose there exist cy,...,cx
such that for each k € I

® ¢, € Niec, [2(sk), ming<jp T' (sk, S5 + ﬁwﬁ)]f” where, with ¢g := 0,
i i 1 - i 1 : -
y; = max<{ & (sj+ﬁ),mm{cj,x (sj+m70)} (1€C,0<j<k),

® cp > :fi_(sk,Sj,Cj) (]. <j<k/i€ Cj),40

Then
c1 <+ <CK

and, with n the unique element of X that has C as cluster partition and cy,...,cx as level data,
n is a K-level Nash equilibrium. o

Proof. We start proving that ¢; < --- < cx. Take k € K with k£ < K. The second statement
with [ = k+ 1 and ¢ € Cy gives cxy1 > g’ci(skﬂ,sk,ck). From Lemma 5(ii), we know that
T’ (Sk+1, Sy k) > cp. Hence, ¢pq1 > ¢ (k€ K\{K}).

Now, let A : N' — K be the label function of C. Then n* = ¢,(; (i € N). Because (C,...,Ck)
is the cluster partition of n, Lemma 46 in Appendix B implies s'(n) = s,¢;. Of course, n is
a K-level multi-action — it remains to show that n is a Nash-equilibrium. Therefore, fix i and
' € X with z* # (). We must prove that

u' (2, Fyi (27)) < u'(eaiys (i)

o Case z' < ca)- Let k€ {0,...,A(i) — 1} be such that c; < 2! < cpp1. By Lemma 46, we

have 1
Fnl(itz) = Sk + ﬁ
Because
ok < & (sp + ;) =y, =& (sp + ;),
- N -1 N -1
i 1 —i 1 i
z (Sk+m)<ck<$ (Sk-i-ﬁ,()) = yi = cr,
,i 1 T
T'(sp + ﬁﬁ) <cp = oy, =7 (s + ﬁao);
we have
i 1 Qg 1
u'(z ,sk—km) <u (yk,sk—&—m).

—1

Using this and noting that yi € V;k L1 We obtain
N

o . . 1
wi(a, Fus (09) = ' (@', s+ )

it 1 7
) =u (x+(3>\(i)75k + 7,%),%@))

N-1

. L 1 ) )
< Uz(ogrggl(i) 371(3)\(1'), S1+ m#ﬁ)a S/\(i)) < u’(c)\(i), S/\(i))'

39See note 34. As before, if #Cp = 1, say C, = {I}, then ¢ = &!(s) (since [il(sk),min0§j<k Zﬂ_(sk,sj' +
ﬁ, yé)] = {#!(s)} — see the proof of Proposition 27).
40Gee note 35.
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o Case z' > ca)- Let k€ {A(4),..., K} be such that, with cx 1 := 00, ¢ < 2t < cpp1. By
Lemma 46, we have _
Fnz (ml) = Sk-

Also, by the second statement,
T (sk) < Ty (sky sa(i)s () < ok < @

We now obtain
u' (@', Fpi (")) = u' (2", sk) < 0" (2 (ks Sx(1), €a(3))» Sk) = U (Ex(i)> 52 (1))-

This completes our proof. =

An example may illustrate the gist of Propositions 27 and 28 (our calculations use the out-
comes of example 7):

Example 29 Consider a status game with three players, so N = {1,2,3}. As in Example 7,
suppose the payoff function of player i is u'(z,s) == — | x— A" | + B's+C?, where A, B!, C* > 0
and L' > A"+ B" (i € N'). Assume A' < A2 < A% and B := B' = B? = B3. The next results
follow from Propositions 27 and 28 after some calculation (see also Appendiz A):

e Suppose C = (C1) = ({1,2,3}). Then the multi-action n with n' := c; for i € C; is a Nash
equilibrium if and only if c1 € Niec, [A%, A* + B]. Hence, a 1-level equilibrium ezists if and
only if A* + B > A3.

e Suppose C = (C1,Ca,C3) = ({1},{2},{3}). Then the multi-action n with n* := ¢, fori € Cy
(k € {1,2,3}) is a Nash equilibrium if and only if cx = A* and A* + B < A? + %B < A3,
and it is a 3-level equilibrium.

e Suppose C = (C1,Ca) = ({1,2},{3}). Then the multi-action n with n' := ¢, fori € C; and
n' = cy fori € Cy is a Nash equilibrium if and only if ¢ € Niec, [A, A'+1B], co = A3, and
c < A3— %B. Hence, given this ordered partition, a 2-level equilibrium exists if A%+ %B <
Al + B < A3,

e Suppose C = (C1,C2) = ({1},{2,3}). Then the multi-action n with n* := ¢; for i € C; and
n' := ¢y fori € Cy is a Nash equilibrium if and only if c; = Al, ca € Niec,[A, A“r%B], and
co > A'+ B. Hence, given this ordered partition, a 2-level equilibrium exists if A' + B <
A3 < A*+3B.

Using the last two results, it is easily verified that none of the other four possible ordered
partitions gives rise to a 2-level equilibrium. ©

In the preceding example, we have identified all Nash equilibria. Comparing the inequality
conditions of the four types, we see that a Nash equilibrium always exists. It is even possible
that all types of Nash equilibria exist simultaneously (viz., if A' + B = A% + %B = A3), so we
may have different types of clustering equilibria alongside a single-level equilibrium and a fully
diverse equilibrium. This special case also implies that if C is a K-dimensional ordered partition
for which a K-level equilibrium exists, there may be another K-dimensional ordered partition
C’ for which a K-level equilibrium exists as well. But recall from Theorem 24 that this is not
possible if K = N.
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4.1.5 On the set of fully diverse equilibria E(M)

In Section 4.1.3, we have studied the set of fully diverse equilibria for the case of complete
heterogeneity. One conclusion was that if the differences among players are large enough, there
exists a unique Nash equilibrium and, in this equilibrium, all players take different actions.
We will now continue our investigation of fully diverse equilibria for the general case of M
homogeneity classes. Some results follow from the technical Propositions 27 and 28 above.

We simplify our notation a bit. For M € {1,..., N}, define M := {1,..., M}. Suppose Cy, is
a homogeneity class. Then, from Proposition 12 and Lemma 6, for each k € M and ,j € Ci the

functions Z* and &7 are the same and also the functions Z* and Z7, so we can define &y, := 2* = 2/
and 7, :=x" = 7.

Proposition 30 Let C = (Cy,...,Cp) be an ordered partition of N such that each Cy is a
homogeneity class. If, for allk =1,..., M — 1, the strict inequalities

T4(5,0) < drsa(s) (5 € Qi) (21)
hold, then

(1) Ec # 0, so there exists a fully diverse equilibrium. FEuven, F¢ is equal to the set of
multi-actions with cluster partition C and level data ¢1 < - -+ < cpr such that

ck € [ik(sk),a_ﬂk(sk, Sk—1 + ﬁ)] (/f € M)
(2) If M < N, then #FE¢ = 0.
(3) For each ordered partition C' = (Cy,...,Ch;) of N with C" # C such that each C;, is a
homogeneity class, it holds E¢r = ().
(4) EX) = for all K < M, so there does not exist a clustering equilibrium. o

Proof. (1) This result follows from Proposition 28, as shown in Appendix A.

(2) Suppose M < N. Then there exists k € M such that #C; > 2. For such a k, it holds
Sp < Sp_1+ ﬁ and, therefore, T (sk) < Tg(sSk, Sp—1 + ﬁ) Now apply result (1).

(3) By contradiction. So suppose E¢: # (). Let A and A’ be the label functions of C and C’.
Applying Lemma 45 to C and C’ with K = M, there exist 4, j € A with

() < AG), N(3) = A(G), N(J) < AG)-

Define k := A(i), [ :== A(j), and r := X' (j). Using accents for the relevant notations for C’ and
noting that C; = Cy and C,. = C;, we have

—/ — —/ —
Tyl = Ttk Ty = TH

(similar outcomes for & and z). Now, let ¢} < --- < ¢, be the level data of some element of E¢.
Then, according to result (1),

) 1 1

"€ [21(s7.), Zu(sp, S + )]s C; € [ik(sg)vik(sgvsg—l + m)]

c,.

Moreover, from Proposition 27,

/S oo
= J3+l(5l35r7cr)'

It follows that

C; > 'Q?Jrl(sl’ ST,CT) 2 jJrl(327 S;w‘%l(s;")) = 51(82, S/r) > j"l(sg)
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But, since Z(s,0) < Z;(s) < (s, 0) for s € Q44 by assumption and noting that s; > 0, we also

have
1

N 1) S (51, 0) < alsy).

o < Tp(sp, s+
This is a contradiction.

(4) By contradiction. So suppose n is a clustering equilibrium. Then there exist homogeneity
classes Ci, and C; with k < [ such that all their members have the same action level in n. Let
i € Cr and j € C;. So we can define n := n’ = n/ and, therefore, s := s'(n) =s’(n) > 0. By
Proposition 13, we have n € VI = [#1(s), Zx(s,0)] and n € VI = [2/(s), Z;(s,0)], so VIN VI #£ (.
But (21) implies Z(s,0) < 2;(s), so VINVJ =) — a contradiction. m

Proposition 30 assumes that there is a certain “minimum distance” between the homogeneity
classes. Condition (21) is similar to condition (18), so we know that it is satisfied if for all
pairs of heterogeneous players the non-degenerate V-sets are ordered disjoint sets put in the
right order. In the presence of homogeneity classes with two or more members (so M < N),
there exists a continuum of fully diverse equilibria, because the equilibrium action of such a
homogeneity class belongs to an interval. Moreover, this family of fully diverse equilibria is unique
in the sense that no fully diverse equilibria exist under alternative rankings of the homogeneity
classes. The distance between homogeneity classes also rules out the possibility of clustering
equilibria. The next theorem summarizes some basic equilibrium properties for the case of
sufficiently heterogeneous players (cf. Theorem 25):

Theorem 31 Consider a status game with M < N for which for all pairs of heterogeneous
players the non-degenerate V -sets are ordered disjoint sets. Then

° E:E(M),
o #FE =o00. ©

Proof. By Lemma 21 there exists a unique ordered partition C = (Cy,...,Cps) of N where
each Cj, is a homogeneity class, such that Vis < --- < Vars (s € Q1 ).*' Proposition 30 applies
to this partition. Its result (4) implies ‘E = E™) and, because Ec C EM) its result (2) implies
HE =00, m

4.2 Pareto efficiency of Nash equilibria

We now turn to the efficiency question. Although it is straightforward enough to show that each
status game has a Pareto-efficient multi-action,*? the efficiency properties of Nash equilibria are
rather difficult to disclose. For the case of only two (heterogeneous) players, we already found
that fully diverse equilibria are always Pareto efficient whereas clustering equilibria are generally
not, although there always exists an efficient one (see Section 3.3). For more than two players,
however, this conclusion must be modified. Our main findings are summarized by Corollaries 33
and 35 and Proposition 36, which are largely based on two key results.
Here is our first key result (recall sy := qE;?:l#Cj):

41Here Vi, denotes the (identical) sets VI (i € Cy,).

12Each maximizer of W := Eﬁilvi is Pareto efficient. To see that W has indeed a maximizer, note that, by
Proposition 10, v* is upper semi-continuous on the non-empty compact set X, so the same holds for W. Applying
the Weierstrass-Lebesque lemma, therefore, W has a maximizer.
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Proposition 32 Suppose n is a K -level Nash equilibrium with cluster partition (Cy,...,Cx) and
level data ¢1 < - - - < cx such that

cr=12'(sp) (kEK, ic Ck).
Then n is Pareto efficient. <
Proof. With A : A/ — K the label function of (Cy,...,Ck), we have for all i € N
nt = ea(i) = ii(sk(i)) and s'(n) = sy(;). (22)

Because n is a Nash equilibrium, Proposition 27 can be applied. So we know that, for each k €
K, ek = z% (sk,85,¢;) (1 <j < k,i€Cj). Noting that &% (sk,sj,¢;) = Ty (sk, s5,2°(s5)) =
z"(sk,s;), we have for each k € K,1 < j < k,and i € C;

ek > T (sk, 55)- (23)

Now suppose, without loss of generality, that the label function A is increasing. Let a € X
be a multi-action such that for all i € A/

v'(a) > v'(n).

Then, noting (22), we can apply Lemma 50 in Appendix B. The proof is complete if we can show
that, for all i € N, vi(a) < v'(n).
According to Lemma 50(2), we have two cases for i € N:

e Case a’ = n' and s'(a) = s)(;). Then (even)
v'(a) = u'(a’, 5'(a)) = u'(n', s5)) = v'(n).

e Case s'(a) > sy;). Then i < N — 1. Noting that, by Lemma 50(1), s (a) = sy, let
p > i with p < N be such that s'(a) > syq) (i <1 < p) and s (a) = sy(p41). Then
Lemma 50(4) implies

at =att=... =Pt
S) 4
s'(a) = sx(pt1)-
With (23) and Lemmas 4 and 50(6), it follows that

' (sapt1)) < F(5x(pr1)> SA()) < Capany = 0P <Pt

Using this, we arrive at

vi(a) ui(ai,si(a)) = ui(ap+17s>\(p+1))

IN

u (' (57(p4+1)s SA(1))s SA(p+1))

ui(fi(s,\(i))’ 5/\(i)) = Ui(niy Si(n)) = ’Ui(n)-

So our proof is complete. ®

Proposition 32 provides the intuitive result that if we have a Nash equilibrium with K status
levels where each player i takes his optimal action &% at his acquired status level s (k = 1,..., K),
then the equilibrium is Pareto efficient. It implies that in case of complete heterogeneity, so if
M = N, each fully diverse equilibrium is Pareto efficient:
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Corollary 33 If M = N, each fully diverse equilibrium of a status game is Pareto efficient. <

Proof. Suppose n is a fully diverse equilibrium, so n is a N-level equilibrium. Let C =
(C1,...,Cn) be its cluster partition and ¢; < - -- < ¢y its level data. Proposition 21 implies

cx = 2'(q) (k € N,i €Cp).

Note that, because C € Py, it holds s'(n) = gy (i € C) and s0 s = qx. ™

Under complete heterogeneity, a fully diverse equilibrium exists if the differences among
players are sufficiently large (see Proposition 23), and now we know that it is also Pareto efficient.
Remember that if these differences are even such that the V-sets of the players are ordered disjoint
sets,*? the fully diverse equilibrium is the only Nash equilibrium that exists (see Theorem 25).

The question arises whether each fully diverse equilibrium is also Pareto efficient in the
absence of complete heterogeneity, so when two or more players are homogeneous. In this case,
any ordered partition of the players includes a cluster with two or more members, which makes
that a fully diverse equilibrium is generally not unique. To evaluate the possibility of multiple
Nash equilibria, we have the following key result.

Proposition 34 Suppose d is a K -level multi-action such that, with cluster partitionC = (C4,...,Ck)
and level data ¢1 < - - - < ¢k, 4
ok > max #(sk) (kek). (24)
1€Cx

Then for all x with cluster partition C and with x > d, d is a Pareto improvement of x. ¢

Proof. Denote by A : N'— K the label function of C. Let ¢ = (cy,...,ck) be the level data
ofd and ¢ = (c},...,c%) those of x. Because x > d, it holds ¢’ > c. Because both d and x
have cluster partition C, s'(d) = s'(x) = s5(;). So we have

v' (%) = u' () 3y, $agi)) and v (d) = u’(exy, Sx(i))-

Noting that

Chon > engy > max 2 (syy) > 2 (snn),

M) Z ) 2 max B (sxi) = ' (5x)
the inequalities v*(x) < v’(d) (i € N) follow. Now, since ¢’ > ¢, let [ € K be such that ¢} > ¢.
Then for each ¢ with A(7) = I, we have ci\(i) > cxi) > :i“i(s,\(i)) and, therefore, vi(x) < v(d).
This implies the desired result. =

Note that each K-level Nash equilibrium satisfies the requirements of Proposition 34, as can
be seen by inspecting the intersection expression in Proposition 27 (see Section 4.1.4). Hence,
Proposition 34 can be used to evaluate fully diverse and clustering equilibria. Also note that if
each cluster Ci is a homogeneity class, the inequalities (24) simply become ¢, > & (sg) (k € K).

We can now answer the efficiency question for fully diverse equilibria.

Corollary 35 (fully diverse equilibria) Let C = (C1,...,Cpr) be an ordered partition of N'. Sup-
pose X* is a M -level multi-action with cluster partition C and level data max;ec, #(s1) < -+ <
max;ec,, 24 (sar). Then

e for alln,n’ € E¢ with n’ > n, n is a Pareto improvement of n’;

e cach n € E¢ with n # x* is not Pareto efficient;

43For the terminology, see Section 4.1.2.
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o if x* € E¢, x* is Pareto efficient. <

Proof. The first result follows from Proposition 34, as does the second result by noting that,
with d = x™, if n # d then n > d. The third result follows from Proposition 32. =

To fix ideas, suppose the homogeneity classes are sufficiently separated, as in Proposition 30
(see Section 4.1.5). Then there exists a unique family of fully diverse equilibria, and Corollary 35
states that these equilibria are generally inefficient. The inefficiency arises because the members
of each homogeneity class typically overact: they choose an action level that is higher than their
optimal action, & (sg) if they belong to cluster k. A somewhat lower action level would yield a
Pareto improvement and lead to a superior equilibrium. Contrary to the sub-optimality results
in the literature, however, there does exist a Pareto-efficient Nash equilibrium, where indeed each
player takes his optimal action. But note that the efficient equilibrium may not exist if the gaps
between the homogeneity classes are less wide.

For clustering equilibria, we find a similar result, but with an important exception:

Proposition 36 (Clustering equilibria) Suppose K < M. Let C = (Cy,...,Ck) be an ordered
partition of N'. Suppose x* is a K-level multi-action with cluster partition C and level data
max;ec, 4(s1) < -+ - < max;jec, 24(sk). Then

e for alln,n’ € E¢ withn’ > n, n is a Pareto improvement of n’;
e cach n € E¢ with n # x* is not Pareto efficient;

o if x* € Ec, x* is weakly Pareto efficient, but may not be Pareto efficient. <

Proof. The first result follows from Proposition 34, as does the second result by noting
that, with d = x*, if n # d then n > d. Regarding the third result, take | € Cx such that
cx = maXec, 2'(sx) = 2'(sx) (= 2!(1)). Then z*' = #!(1) and z* > 2% (j € N). So
vl(x*) = u!(2%(1),1), which implies that x* is weakly Pareto efficient. That x* may not be
strongly efficient is discussed below. =

In general, a clustering equilibrium is not unique, but belongs to a continuum of clustering
equilibria with the same cluster partition. As before, one member of this continuum is a Pareto
improvement of another member if it has lower action levels. The difference with fully diverse
equilibria arises when the multi-action x* defined in Proposition 36 is a Nash equilibrium. Al-
though then x* Pareto dominates all the other clustering equilibria and is also weakly Pareto
efficient,** it may be Pareto inefficient. Of course, if the optimal action levels are the same within
each cluster, so if 2(s;) does not depend on i for each k € K, then x* is Pareto efficient. But
this is really a borderline case since, by definition, there is always a cluster with two or more
homogeneity classes, and it is typical for these classes to have different &’ functions. Although
it is true that different &% functions within a cluster does not necessarily mean that x* is ineffi-
cient,*® this possibility cannot be ruled out, because heterogeneous players who share the same
action level tend to be better off by separating their actions.

For illustration, suppose the cluster partition of x* includes a cluster p € K with two or
more homogeneity classes, among which H. With ¢; < -+ < ¢k the level data of x*, suppose
the players of H lower their action level from ¢, to ¢* such that ¢,—1 < ¢* < ¢,. So we have
an alternative multi-action x with K + 1 clusters where the members of H get a lower status
s = 8,1 + % < sp and all the other players remain at their status levels. Despite his

4480 there does not exist a multi-action that makes all players strictly better off than under x*.
45 An example is provided by the two-players status game in Section 3.3.
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lower status, each player i € H can increase his payoff by choosing ¢* = #%(s*), provided that
cp—1 < &%(s*) and T(sp, s*) < ¢,.1% Indeed, we then have for each i € H

W 5%) = W (#(57),87) = (@ (s,57),8,) > (e 5).

Since the payoffs to all other players stay the same, therefore, the Nash equilibrium x* is not
Pareto efficient.

The principle that, in such a Pareto-dominating clustering equilibrium as x*, heterogeneous
players with the same action level may do better by separating their actions is also illustrated in
the next example.

Example 37 In Example 29, we considered a status game with three players and established,
among other things, the existence of a family of single-level equilibria. The Pareto-dominating
member of this family is n = (A3, A3, A3). The payoff to playeri € {1,2,3} amounts to u*(A3,1).

Now consider another multi-action where players 1 and 2 take action A? and player 3 stays
with A3. Since A? < A3, the payoff to player 3 remains the same. The payoffs to players 1 and
2 are u' (A%, }) and u?(A%, 1), and the changes in payoffs

1 1 1
u' (A2, )~ u'(A3,1) = u?(A?, )~ u?(A31) = A% — (A% + 3B)-
So the multi-action is a Pareto improvement if and only if A%+ %B < A3. To see whether it can
be satisfied, recall from Ezample 27 the equilibrium condition A' + B > A3, which implies the
restriction A2+ B > A3. Thus, by choosing the parameters such that A < A2 < Al —|—%B < A%+
%B < A3 < A'4+ B < A%+ B, we find that the Pareto-dominating equilibrium above is not Pareto
efficient. ©

5 Does status seeking reduce saving?

In this section, we illustrate the foregoing with a brief discussion of the impact of status seeking
on savings behaviour. Frank (1985a, Ch. 8; 1985b, pp. 103-106) argues that, in their quest for a
higher social position, consumers demand more status-generating or positional goods and fewer
non-positional goods, as compared with a situation where they cannot alter their status. Because
“savings” may be regarded as a non-positional good, status seeking thus reduces the consumer’s
average propensity to save.!” Moreover, this effect is strongest for low-income consumers, so
saving rates are not only lower across all income levels but also fall when we move to the lower
tail of the income distribution. The latter agrees with the observed positive correlation between
saving rates and income — something that is hard to reconcile with the Life-Cycle/Permanent-
Income Hypothesis (cf. Dynan et al., 2004).

To verify these two effects on saving rates, consider the two-goods game I' formulated in
Section 2.2. Let us think of an intertemporal two-period setting with only income in period
one, where pyyi indicates (the present value of) second-period consumption and thus the amount
saved, and pyyi Jw® or 1 — p,a® /wt refers to consumer 4’s saving rate. The exposition gains much
clarity with a little more structure. Assume that the two-goods game is such that the associated
status game I'” meets the following two plausible conditions:

46Since 2%(sp) < Z'(sp,s*), the latter condition requires #°(sp) < ¢p , which is satisfied by assumption for
i€ H: & (sp) < cp = maxjec, 27 (sp).

47Lower saving rates do not only reflect the negative externalities of status seeking, but also slow down economic
growth (see also Frank, 1997).
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Condition 38
(i) for eachi € N and s,s' € Q : s < s = 3%(s) < 2%(s');
(ii) for each s € Q and i,j € N : w' < w/ = 3(s) < #7(s). ©

Let Wi .= (VIUuVHn (XN XY) (i,j € N,s€Q).

Condition 39 For alli,j € N with w' < w?, 5,5 € Q with s’ > s, and x € Wi and 2’ € W;,j
with ©’ > x: ' , 4 4
u'(a',s') —u'(z,s) > 0=u(a),s) —u!(z,s) >0. o

In Section 2.2, we showed that #%(s) = #(s,w®). So the first condition just says that the
quantity demanded of first-period consumption is increasing in status and strictly increasing in
income. Consider that, since present consumption is the positional good, it is natural to assume
that higher status itself increases the demand for present consumption. The positive dependence
on income indicates that present consumption is assumed to be a normal good.

The second condition stipulates a certain monotonicity. The condition is very powerful,
as signified by Proposition 41 below. It basically states that if, over some common range of
actions, the change in payoffs from a higher action (given the actions of the others) is positive
for a specific consumer, then it is also positive for any other consumer whose income is not
lower. Proposition 52 in Appendix B says that the condition holds if the underlying two-goods
game has the following additional properties (recall that u’(z?,s%) := U(a?, (w" — pya?)/py; s%)):
the function U is twice continuously differentiable with partial derivatives Uj1,Use < 0 and
Ui2,Usz3 > 0. With this result it is not difficult to identify a general class of utility functions U
that satisfy both conditions 38 and 39.48

Now, it follows that our M homogeneity classes are income classes:

Proposition 40 Consider the two-goods game I' and the associated status game I''. Then two
players i,j € N are homogeneous if and only if w* = w’. o

Proof. “If’ is obvious. As for “only if”, suppose i and j are homogeneous. Then #¢(0) =
#7(0). Imposing condition 38(i), this requires w® = w’/. =

Suppose the income vector w has level data wy; < --- < wy, and define, for each k =
1,....,M, Hy :={i € N | w® = wy}. So H; refers to the lowest income class, Hs to the second
lowest, and so on, until Hj,; follows as the highest income class. The next proposition shows
that, in each Nash equilibrium, the distribution of present consumption is positively related
to the income distribution. That is, in a fully diverse equilibrium, there are M quantities of
present consumption, and higher consumption levels correspond to higher income classes. In a
clustering equilibrium, there are fewer levels of present consumption, and at least one quantity
of consumption is chosen by two or more successive income classes.

Proposition 41 Consider the two-goods game T' and the associated status game I”. Then for
each Nash equilibrium n of game I it holds

o n' <t = w < w;

e if n is a fully diverse equilibrium, w! < w/ < n’ <n’ (i,5 € N). ©

48 An example is U = 2%y~ + ¢(s) with 0 < @ < 1 and ¢ : Q — R a strictly increasing function.
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Proof. First statement — by contradiction. Suppose n’ < n/ and w® > w’. Because L’ < L,
we have n,n/ € X' N X7, Writing s; := s'(n) and s; := s7(n) >s;, we also have n’ € V) UVJ
and n/ € V), UV . Therefore, n* € W7 and n’ € W}J. By Lemma 51 in Appendix B, it holds
uw(n?,s;) — u/(n’,s;) > 0. According to condition 39 with ¢ and j interchanged, this implies
u'(n?, s;) —u'(n’,s;) > 0. But this contradicts Lemma 51.

Second statement. For “<”, see above. As for “=", suppose w' < w’. By Proposition 40, i
and j are heterogeneous players. Because n is a fully diverse equilibrium, it follows that n’ # n/.
So n* < n? or n* > n?. But n’ > n? is impossible because of the first statement. m

In this setting, we can examine the impact on savings behaviour. We begin with fully diverse
equilibria, which is the type of configuration studied by Frank (1985b) and also by Hopkins and
Kornienko (2004a). It is convenient to use some old notation: for all i € Hy, (k=1,..., M), we
write £ := &¢ and Z, := Z’. So condition 38(4i) implies that the optimal consumption at a given
status level s depends on income according to Z1(s) < - -+ < Zp(s). Now suppose the income
differences are so large that for all k =1,..., M — 1,

ik(s, 0) < i‘k+1(s)

(s € Q\{0}).* Then all Nash equilibria are fully diverse equilibria (Proposition 30). Even a con-
tinuum of fully diverse equilibria exists where the members of income class Hy, have consumption
¢ and status s given by

. _ 1
ek € [Zk(sk), T (Sk, Sk—1 + ﬁ)] and Sp = QuH, +.. +#H,
(k=1,...,M). We know that equilibria with lower consumption levels, and thus higher saving
rates, are Pareto superior and that the equilibrium with ¢, = & (sg) is Pareto efficient (Corollary
35).

Following Frank (1985b), let us compare this outcome with the case where consumers cannot
alter their status, being now determined by their rank in the income distribution. This case
might reflect the situation where personal incomes are publicly observable. The idea is then that
if incomes (and savings) are not public knowledge, present consumption as an observable normal
good may signal personal income and thus shape the social hierarchy. With rank determined by
income, the status of consumer ¢ of income class Hj, just equals

8" = For (W") = qrts b+ -

His present consumption follows as @ (qun, +... 444, )-

The Pareto-efficient equilibrium above clearly coincides with our benchmark and we can say
that the other equilibria exhibit overconsumption or undersaving. Contrary to Frank ’s findings,
therefore, status seeking need not always be inefficient or cause lower saving rates. It seems not
right to qualify the Pareto-efficient equilibrium as simply being a borderline case. If we accept
that the ordinal status game especially applies to small local groups and consider that, among
a limited number of people, the probability that two of them have the same income is relatively
small, the Pareto-efficient equilibrium may actually be the only equilibrium that exists (Theorem
25).

Also the claim that, under status seeking, there is a negative relation between saving rate
and income does not hold here. In the Pareto-efficient equilibrium, the relation is the same as

90f course, #4(s) < ZF(s,0) (Lemma 4). If U(-,-; s) is homogeneous of degree one, #(s,w) is linear in wages,
so the inequalities in the text can always be met for large enough income differences.
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in the reference situation. The indeterminacy of the other equilibria precludes, in principle, any
assessment of the relation between saving rate and income.

A special feature of the inefficient fully diverse equilibria is that the social ranking of in-
dividuals is the same as in the benchmark. Although everyone consumes more and saves less
to improve his social status, in the end his relative position is stuck to his rank in the income
distribution. Formally, we have for each equilibrium n € EX)

s'(0) = qur 4. sum, (€EHp k=1,... M)

It suggests the picture of a positional treadmill where everyone runs faster but stays in the same
place.

This picture alters when the differences between income classes are smaller, and the Nash
equilibria take the form of clustering equilibria. Now there is at least one income class whose
members really “catch up with the Joneses” of the next income class — the imitation of role
models is complete. In formal terms, an income class Hj, exists such that

s'(n) > #H+. +#H, (3 € Hi).

It means that the social hierarchy becomes a squeezed version of the income hierarchy of our
benchmark. Just as fully diverse equilibria, clustering equilibria are generally not unique, and
equilibria with lower consumption levels imply a Pareto improvement (Propositions 27 and 36).
The difference with fully diverse equilibria comes forward when we look at the behaviour of a
specific cluster of income classes.

So suppose the cluster partition of a Nash equilibrium contains a cluster Cx, = Hy,, U Hypa1 U
-+ UHy,, where £ <m < n < M. From Proposition 27, the consumption ¢; and social status s
of its members are such that

Ci > Tn(sk) and Sp = qur,+.. +#H,, -

If ¢, > T, (sk), the clustering equilibrium is not Pareto efficient. Even if ¢, = &, (sg), we know
that there may be room for Pareto improvement, because the lower income classes of the cluster
may be better off by choosing a quantity of consumption somewhere between c,_; and c;.>°
Therefore, a clustering equilibrium is generally not Pareto efficient (Proposition 36).

Compared with our reference situation, any clustering equilibrium shows overconsumption
and undersaving. Indeed, for each i € H,, C C;\{H,} we have

ck 2 En(sk) = Bnlgen_ pm;) > Tplasr_ 49;) 2 Tplasr_ pm;,)-

Only the members of the highest income class H,, may choose their optimal amount (viz. if
¢k = Zn(sk)). Moreover, because the overconsumption of lower income classes is greater, saving
rates fall with income. To see this, suppose two income classes H,, H, C Ci with p < r, then

¢k — Bp(gsr_ pw;) > ek — Br(gsr_ #m;)

which, after some manipulations, implies

1—

px$(92§:1#ﬁjawp) . pwck) o1 P:z:i”((IE_';'Zl#Hj7wr) —a- pwck>.

wy Wy Wy Wy

Each side of the inequality shows the positive difference between the saving rates of the bench-
mark and the clustering equilibrium for an income class, and the gap is wider for the lower

50See the discussion after Proposition 36 and also Example 37.
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income class H,. For example, if the saving rates of the benchmark do not depend on income,
the inequality becomes
_ DaCk <1-— DzCk

Wyp Wy

1

thus showing a lower saving rate for income class H,,.

All in all, Frank’s assertions about how status seeking affects saving are really relevant for
clustering equilibria. Such equilibria are Pareto inefficient, except in borderline cases, and exhibit
lower saving rates that, within clusters of income classes, indeed fall with income. On a more
basic level, it appears that more than fully diverse equilibria the configuration of clustering
equilibria captures the sociological notion of status seeking.

6 Concluding remarks

Above we analyzed a non-cooperative game in strategic form, where each player’s payoff depends
on his action and his social status, which is given by the fraction of players who take a lower or
equal action than him. We focused on the relation between the degree of heterogeneity among
status-seeking players and the distribution of their Nash equilibrium actions. Although some hard
technicalities could not be avoided, we hope to have shown that the game-theoretic approach
to status seeking is preferable to the usual partial-equilibrium approach, which is inadequate to
deal with the existence and nature of Nash equilibria. Our approach also stands out because it
did not use the heuristic assumption of a continuum of players. The latter is common in the
literature on status, even though it is difficult to reconcile with the widely accepted view that
people’s sensitivity to status is particularly relevant in small local environments. The finding of
multiple Nash equilibria and different types of Nash equilibria brought forward that concerns for
relative position can integrate both economic and sociological explanations of human behaviour.
Especially clustering equilibria capture this point, and we discussed an example where the number
of social classes (people with the same status) is smaller than the underlying number of income
classes. Another key result of the analysis was that, in contrast to what is usually claimed, status
seeking need not always be socially inefficient.

One question remained unanswered: does each ordinal status game have a Nash equilibrium?
The answer is yes in case of only two players, but the specific discontinuities of the payoff functions
did not allow us to use the standard existence theorems to prove the general case. (However, we
did derive two technical results that establish necessary and sufficient conditions for the existence
of a Nash equilibrium (given a cluster partition and a set of level data).)

Future research might also try to generalize the game we studied here. One issue is whether
a two-goods exchange economy, based on our two-goods game, would alter the main conclusions.
The two-goods exchange economy has proved to be an instructive tool for obtaining fundamental
insights about taxation and tax policy, so this setting also lends itself well to the evaluation of
the policy proposals by Frank (1997, 2005) and others to levy taxes on positional goods or to
introduce a progressive consumption tax.

Two other issues follow from the belief that the game particularly applies to a reference
group of limited size. Suppose that players decide on more than one positional good, where
each positional good is related to a specific reference group (reference groups may overlap). A
player’s personal valuation of his social status then depends on the relative positions he occupies
in different reference groups (e.g., sports club, neighborhood, circle of friends). An interesting
question is whether there are plausible shapes of the payoff functions that allow us to generalize
our qualitative results in a straightforward fashion.

Regarding the other possibility, note that our analysis implicitly assumed that all individuals
belong to one and the same reference group, and particularly that there is no way out. In reality,
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people are often free to choose their own associates and thus able to choose their reference groups.
Although tied to his family, a person can usually select his neighbors by the house he buys and
his co-workers by the job he applies for. Clearly, endogenizing the formation of reference groups,
the central theme of Frank (1985a), would make the analysis complete. Yet extending the ordinal
status game by letting each player choose his reference group, without introducing additional
structure, is problematic. Since homogeneous players can enjoy maximum status by forming
their own reference group, the typical outcome is that there are as many reference groups as
there are homogeneity classes. This is not very realistic (see also Frank, 1984; Postlewaite,
1998). Switching from one reference group to another often takes time and money; sometimes
it is simply impossible. Also, and this possibility suggests options for future research, there
may be benefits related to a heterogeneous reference group.’’ For example, flocking together
increases the size of the reference group, which may entail the fruits from external economies of
scale. Joining a higher income class may give access to local public goods supplied to this class.
Or, finally, if homogeneity classes differ in relative productivity, the gains from cooperation may
compensate the losses in status for those specializing in low status tasks.

<The appendices are availiable on request>

51Frank (1984) argues that heterogeneity can persist if high-status groups compensate low-status groups for
not dropping out of the reference group. In our setting with assumption (4), such a compensation scheme will
not come about, because the best option for each homogeneity class is to separate.
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